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Abstract

The constant rate birth-death process is used as a stochastic model for many biological systems, for

example phylogenies or disease transmission. As the biological data is usually not fully available, it

is crucial to understand the effect of incomplete sampling. In this paper, we analyze the constant

rate birth-death process with incomplete sampling. We derive the density of the bifurcation events

for trees on n leaves which evolved under this birth-death-sampling process. This density is used

for calculating prior distributions in Bayesian inference programs and for efficiently simulating trees.

We show that the birth-death-sampling process can be interpreted as a birth-death process with

reduced rates and complete sampling. This shows that joint inference of birth rate, death rate and

sampling probability is not possible. The birth-death-sampling process is compared to the sampling-

based population genetics model, the coalescent. It is shown that despite many similarities between

these two models, the distribution of bifurcation times remains different even in the case of very large

population sizes. We illustrate these findings on an Hepatitis C virus dataset from Egypt. We show

that the transmission times estimates are significantly different – the widely used Gamma statistic

even changes its sign from negative to positive when switching from the coalescent to the birth-death

process.
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1. Introduction

The constant rate birth-death process [8, 14] is widely used in biology as a neutral model for repro-

duction. It is a branching process which starts with an initial individual (which might be a species,

an individual within a population, or an infected host). At any point in time during the process, each

individual has a constant rate µ of dying, and a constant rate λ of branching (i.e. giving birth to an

additional individual).

We will focus on three main applications in biology: The constant rate birth-death process has

successfully been used in modeling speciation and extinction – it is used as a prior distribution when
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infering phylogenies using Bayesian methods [6] as well as a neutral model for testing evolutionary

hypotheses, see e.g. [10, 13]. The birth-death process is also widely used as a population model – for

example, in [27], the dynamics of a population within a species is analyzed assuming a birth-death

process. In [25], the birth-death process is used as a model for the spread of an infectious disease

(Tuberculosis) and key values of the disease (reproductive value, net transmission rate) are estimated.

In the above mentioned biological applications, n individuals are sampled, and the task is to recover

the process which led to these n individuals. Thus it is crucial to understand the birth-death process

conditioned on observing n individuals. This has been investigated in detail in [1, 11, 12, 18]. In these

articles, it is assumed that all individuals which evolved under the birth-death process and survived

to the present are sampled. When analyzing data however, usually only a fraction of the individuals

which evolved under the process are sampled. In this paper, we account for incomplete sampling by

including random sampling in the birth-death process model. We distinguish between two scenarios:

Either (i) we sample each individual in the complete birth-death tree with probability ρ – conditioning

that the tree after sampling has n leaves (birth-death-samplingρ process), or (ii) given a tree on m

individuals, we sample n of these individuals uniformly at random (birth-death-samplingm process).

In [24], it is shown that the distribution on discrete realizations of the birth-death-sampling pro-

cesses – i.e. realizations where the time between bifurcation events is ignored – is invariant towards

random sampling. In [26], it is shown that the distribution on discrete realizations and bifurcation

times are independent. The distribution on discrete realizations is well known (uniform distribution,

see e.g. [2]). The bifurcation times distribution will be investigated in this paper.

In the first part of the paper, we derive the joint density function for the n−1 bifurcation times in a

birth-death-samplingρ tree on n individuals. We will establish that the birth-death-samplingρ process

can be interpreted as a birth-death-samplingρ process with higher (resp. smaller) sampling probability

and smaller (resp. higher) birth and death rates. This has an important consequence for parameter

estimation: One cannot estimate the three parameters simulataniously. One of the three parameters

needs to be known. We will discuss the influence of the sampling parameter on the birth and death

rates. In particular, we show that for estimated birth and death rates on a dataset under complete

sampling, one can rescale the rates assuming a more realistic sampling probability.

The density function for the bifurcation times is implemented in the latest version of Beast [6] as

a prior for the birth-death-samplingρ model. Further, it is used in the Python package Cass [22] for

fast simulations of birth-death-samplingρ trees on n individuals.

We further derive the density function for the time of the most recent common ancestor of the

n sampled individuals under a birth-death-samplingm process. Note that the density function for

the bifurcation events between the most recent common ancestor and the present can be calculated
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recursively [24].

The second part of the paper compares the birth-death-sampling process to the coalescent [15,

16, 17] which is commonly used to model processes on the population level. Realizations under the

birth-death-sampling process and under the coalescent (with arbitrary population size changes) have

the same distribution when considering discrete realizations, i.e. ignoring timing between bifurcation

events [24]. We will investigate the difference in bifurcation times in this paper. Under the coalescent,

the population size changes are deterministic. Under the birth-death process, the population size

fluctuates according to the stochastic process. The expected number of individuals under a birth-

death process with λ > µ grows exponentially. Therefore the birth-death process is compared to the

coalescent with exponentially growing population size. Under a birth-death process with λ = µ, each

individual is expected to give birth to one new individual during its lifetime. Therefore this birth-death

process is compared to the coalescent with constant population size.

We showed in [12] that the expected bifurcation times under the coalescent (constant population

size) and a birth-death process with λ = µ = n/2 are equal. We further showed in [24] that the expected

bifurcation times under the coalescent (constant population size) and a birth-death-samplingm process

with λ = µ = m/2 are equal. However the higher moments differ. As the coalescent assumes an infinite

population size, we compare the coalescent to the birth-death-sampling process with m → ∞. We show

that in the limit the bifurcation times distribution under the coalescent and the birth-death-sampling

process remain different.

Further, we establish that the distribution on bifurcation times under the coalescent and a birth-

death-samplingρ process remain different in the limit ρ → 0.

This shows that even though the coalescent and the birth-death-sampling process equal on the level

of discrete realizations and – for certain parameter combinations – on the level of expected bifurcation

times, they are fundamentally different, even in the limit of very sparse sampling. We illustrate these

findings by reconstructing the transmission tree of an Hepatitis C virus (HCV) dataset from Egypt [20]

using Bayesian methods. We use both a birth-death process prior and a coalescent prior. The posterior

reconstructed tree shape (i.e. the reconstructed tree ignoring the edge lengths) is approximately the

same under both priors. However, the transmission times are different: the Gamma statistic [19] – a

popular statistic measuring relative timing of bifurcation events – changes its sign from negative to

positive when switching from the coalescent to the birth-death process. This means that choosing one

model over the other makes a difference towards bifurcation times, and care has to be taken in model

selection.

The paper is organized as follows. In Section 2 we will introduce the birth-death model formally

and state known results. Section 3 derives densities under the birth-death-samplingρ process, Section
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4 derives densities under the birth-death-samplingm process. We compare the density functions to the

coalescent in Section 5. In Section 6, we discuss the implications of the theoretical results for data

analysis. For an HCV dataset, we reconstruct the transmission trees under the birth-death process and

the coalescent prior and then investigate the differences in the reconstructed trees.

2. The birth-death process model

A constant rate birth-death process is a stochastic process which starts with an initial individual.

An individual gives birth to a new individual after exponential (rate λ) waiting times and dies after

an exponential (rate µ) waiting time. We set 0 ≤ µ ≤ λ, otherwise the process is supercritical. In the

following, time 0 is today and time τ > 0 the origin of the tree, so time is increasing going into the

past. Special cases of the birth-death process are the Yule model [30] where µ = 0 and the critical

branching process [1, 18] where µ = λ.
Such birth-death processes are commonly used to model speciation and extinction in phylogenies or

the spread of diseases. In these biological applications, the data consists of n extant species / infected
individuals. We therefore condition the process to have n individuals today. Throughout this paper we
refer to this conditioned constant rate birth-death process simply as a birth-death process. The age of
the tree, i.e. the time since origin of the birth-death process is τ ; since τ is typically not known, we
assume a uniform prior on (0,∞) for the time of origin as it has been done in [1, 18]. A tree which
evolved under a birth-death process includes dead individuals, see Figure 1, left. From this tree, the
extinct lineages are deleted, see Figure 1, middle. This new tree is called the reconstructed tree. Note
that when reconstructing a tree from (molecular) data, we see the reconstructed tree. Extinct lineages
are only apparent when the fossils (or from a disease recovered individuals) are included. We therefore
investigate the distribution on reconstructed trees. The reconstructed tree consists of two parts: (i) the
discrete ranked tree and (ii) the n− 1 bifurcation times x1 > x2, . . . , xn−1, see Figure 1. A ranked tree
is induced by a reconstructed tree as follows. The first bifurcation event in the tree (i.e. the root) is
labeled with 1, the second bifurcation event is labeled with 2, etc. Then the edge lengths are dropped.
Therefore a ranked tree is a purely discrete object – a tree topology together with an ordering on
the bifurcation events, see Figure 1, right. The distribution on ranked trees and bifurcation times are
independent [26]. The distribution on ranked trees is the uniform distribution [24]. The distribution
on bifurcation times under the birth-death process is discussed in detail in [11]: The density function
for x = (x1, . . . , xn−1), conditioned on the time of origin, τ , is,

fλ,µ(x|τ, n) = (n − 1)!

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(λ − µe−(λ−µ)xi )2
λ − µe−(λ−µ)τ

1 − e−(λ−µ)τ
.

Further, with the uniform prior on the time of origin, the density for x given n individuals at the
present, f(x|n), is obtained,

fλ,µ(x|n) = n!(λ − µ)λn−1 e−(λ−µ)x1

λ − µe−(λ−µ)x1

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(λ − µe−(λ−µ)xi )2
. (1)

This density function is used in the Bayesian inference program Beast [6].

3. The birth-death-samplingρ process

We assumed complete sampling of leaves in the previous section. However, in many applications,

we have incomplete sampling. In the following we assume that we sample each leaf with probability ρ,

4



x = (x1, x2, x3, x4)τ
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Figure 1: A tree including the extinct lineages and all leaves (left) and its reconstructed tree with five leaves sampled
(middle). A reconstructed tree consists of continuous bifurcation times x = (x1, . . . , xn−1) and the discrete ranked
tree (right). The bifurcation times are independent of the ranked tree under the birth-death-sampling process. The
distribution on ranked trees under the birth-death-sampling process is the uniform distribution. We will determine the
distribution on bifurcation times x.

we call this process the birth-death-samplingρ process. The reconstructed tree obtained after random

sampling is conditioned to have n leaves.

In [26], the author established that for a reconstructed tree under a birth-death process, the dis-

tribution on the ranked trees is independent of the distribution on bifurcation times. The distribution

on ranked trees – which is the uniform distribution – is invariant towards random sampling [24]. It

therefore remains to investigate the distribution on bifurcation times for a reconstructed tree after

random sampling, see Figure 1.

3.1. Deriving the density function for the bifurcation times

In this section we derive the density for the bifurcation times x under the birth-death-samplingρ

process, fλ,µ
ρ (x|n). Conditioning on the most recent common ancestor of the sampled individuals being

at time x1, we obtain the density function of the bifurcation times x = (x1, . . . , xn−1) [29],

fλ,µ
ρ (x|n, x1) = (n − 2)!

 

n−1
Y

i=2

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

! 

ρλ + (λ(1 − ρ) − µ)e−(λ−µ)x1

1 − e−(λ−µ)x1

!n−2

.

Using the same approach as in [11], we obtain the density function of the bifurcation times x =
(x1, . . . , xn−1) conditioning on the time of origin, τ , of the process:

fλ,µ
ρ (x|n, τ) = (n − 1)!

 

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

! 

ρλ + (λ(1 − ρ) − µ)e−(λ−µ)τ

1 − e−(λ−µ)τ

!n−1

. (2)

Note that for ρ = 1, we have fλ,µ
1 (x|n, τ) = fλ,µ(x|n, τ).

In general, we do not know the time of origin, τ . Commonly, a uniform prior on (0,∞) is assumed.
Let qλ,µ

ρ (τ |n) be the density function for the time of origin of a birth-death-samplingρ tree on n
individuals (we derive this density in Lemma 3.1). The density of the bifurcation times being x =
(x1, . . . , xn−1) and the time of origin being τ is,

fλ,µ
ρ (x, τ |n) = fλ,µ

ρ (x|n, τ)qλ,µ
ρ (τ |n). (3)

To obtain the density of x given n, fλ,µ
ρ (x|n), we have to integrate Equation (3) over τ (from x1 to

∞). In order to derive fλ,µ
ρ (x|n), we first determine qλ,µ

ρ (τ |n) (Lemma 3.1). In the second step we

5



integrate Equation (3) (Theorem 3.3). The following Lemma is proven in the Appendix.

Lemma 3.1. Consider a birth-death-samplingρ process with birth rate λ and death rate µ. A uniform
prior on (0,∞) is assumed for the time of origin. We sample each individual in the birth-death tree
with probability ρ. The density for a tree on n individuals to have time of origin τ is,

qλ,µ
ρ (τ |n) = n(λ − µ)2(λρ)n (1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)τ )n+1
. (4)

Remark 3.2. The software package Cass [22] uses Equation (4) and (2) to sample trees under the
birth-death-samplingρ process. This sampling procedure is very efficient: we sample a ranked tree on n
leaves uniformly at random. We then sample the time of origin from the distribution given in Equation
(4). Last, the bifurcation times are sampled from Equation (2). In particular, the simulation approach
does not require a sample of trees with more than n leaves from which to subsample. We incorporate
the sampling directly into the bifurcation times which makes the simulation algorithm very fast. For a
detailed explanation of the simulation procedure see [23], where we describe the method under complete
sampling, i.e. for the special case ρ = 1.

We now establish the main theorem of this section. The proof is found in the Appendix.

Theorem 3.3. Consider a birth-death-samplingρ process with birth rate λ and death rate µ. A uniform
prior on (0,∞) is assumed for the time of origin. We sample each individual in the birth-death tree
with probability ρ. Conditioning the tree on having n individuals after random sampling, the density of
bifurcation times x = (x1, . . . , xn−1) is,

fλ,µ
ρ (x|n) = n!(λ − µ)(λρ)n−1 e−(λ−µ)x1

ρλ + (λ(1 − ρ) − µ)e−(λ−µ)x1

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2
. (5)

For µ → λ, we get in the limit,

fλ,λ
ρ (x|n) = n!(λρ)n−1 1

1 + ρλx1

n−1
Y

i=1

1

(1 + ρλxi)2
. (6)

Remark 3.4. Note that a birth-death-samplingρ process with birth rate λ, death rate µ and sampling
probability ρ equals a birth-death-samplingρ process with sampling probability ρ′, birth rate λ′ = ρλ/ρ′

and death rate µ′ = µ − λ(1 − ρ/ρ′). This follows directly from (5): First note that λ′ − µ′ = λ − µ.
Further, ρ′λ′ = ρλ and λ′(1 − ρ′) − µ′ = λ(1 − ρ) − µ. Therefore, Equation (5) yields,

fλ′,µ′

ρ′ (x|n) = fλ,µ
ρ (x|n).

This has a major impact on estimating the birth and death rates and the sampling probability. The
three parameters cannot be estimated simultanously. We will discuss this issue further in Section 6.

3.1.1. Sampling probability ρ → 0
Under the birth-death-samplingρ process for ρ → 0, with λ − µ = d, λρ = c, we obtain from

Equation (5),

f
λ,µ
0 (x|n) = n!dc

n−1 e−dx1

c + (d − c)e−dx1

n−1
Y

i=1

d2e−dxi

(c + (d − c)e−dxi )2
. (7)

Note that, for constants c > d > 0,
fλ,µ
0 (x|n) = fc,c−d

1 (x|n),

i.e. the bifurcation times are equal to a birth-death process with birth rate c and death rate c − d.
Under the birth-death-samplingρ process for ρ → 0, λ = µ and ρλ = c where c is a constant, we obtain
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with Equation (6),

fλ,λ
0 (x|n) = n!cn−1 1

1 + cx1

n−1
Y

i=1

1

(1 + cxi)2
. (8)

Note again that,
fλ,λ
0 (x|n) = fc,c

1 (x|n).

4. The birth-death-samplingm process

4.1. Sampling two leaves

We now derive the density that two randomly chosen leaves in a tree of size m have bifurcated at

time x, fλ,µ
m (x|2). In Section 4.2, we extend the calculations for the case when sampling n lineages in

a tree of m lineages. The following Theorem for sampling 2 leaves is proven in the Appendix.

Theorem 4.1. Consider a birth-death-samplingm process with birth rate λ and death rate µ. A uniform
prior on (0,∞) is assumed for the time of origin. We sample two individuals from a birth-death tree
on m individuals. The density of the time of the most recent common ancestor of the two sampled
individuals is,

fλ,µ
m (x|2) =

2λe(λ−µ)x

m − 1

„

1

a + 1

«m+1 »

(a + 1)m+1 −
“m + 1

2

”

a2 − (m + 1)a − 1

–

(9)

where a := λ−µ
λ

e−(λ−µ)x

(1−e−(λ−µ)x)
. For the limit µ → λ, we have,

fλ,µ
m (x|2) =

2λ

m − 1

„

λx

1 + λx

«m+1 »„

1 +
1

λx

«m+1

−
“m + 1

2

” 1

(λx)2
−

m + 1

λx
− 1

–

. (10)

4.1.1. Sampling two leaves in the limit m → ∞
We will now determine the density for the time of the most recent common ancestor of two leaves

sampled from a tree on m individuals where m → ∞. From Equation (9) with λ − µ = d, λ = cm, we
obtain,

fλ,µ
m (x|2) =

2cmedx

m − 1
−

2cmedx

m − 1

 

1 − e−dx

1 − e−dx + d
cm e−dx

!m+1

×

"

“m + 1

2

”

 

d

cm

e−dx

1 − e−dx

!2

+ (m + 1)
d

cm

e−dx

1 − e−dx
+ 1

#

.

In the limit, when m → ∞, we get, with the property limn→∞(1 + x/n)n = ex,

fλ,µ
∞

(x|2) = 2cedx − 2cedxe
−

d
c

e−dx

1−e−dx ×
"

1

2

 

d

c

e−dx

1 − e−dx

!2

+
d

c

e−dx

1 − e−dx
+ 1

#

= 2cedx −
d2

c
edx

„

1

edx − 1

«2

e
−

d
c

e−dx

1−e−dx − 2d
edx

edx − 1
e
−

d
c

e−dx

1−e−dx − 2cedxe
−

d
c

e−dx

1−e−dx . (11)

For λ = µ, when m → ∞, we obtain from Equation (10) with λ = cm,

fλ,λ
∞

(x|2) = 2c −
e−1/cx

cx2
−

2e−1/cx

x
− 2ce−1/cx. (12)
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4.2. Sampling n leaves

In this section, we determine the time of the most recent common ancestor of n individuals sampled
from a tree on m individuals. When randomly sampling n individuals, from a tree Tm on m individuals,
the probability that the k-th bifurcation event is the the most recent common ancestor of the n
individuals can be calculated as follows. Let sk be the k-th bifurcation event in Tm. Let sl

k be the event

that sk has l descendant leaves. Let sl,l1
k be the event that sk has l descendant leaves, l1 leaves in the

left subtree and l− l1 leaves in the right subtree. Let mrca(sk) be the event that sk is the most recent
common ancestor of the n sampled leaves. Then,

pn
k := P[mrca(sk)] =

m−k+1
X

l=n

P[sl
k]

l
X

l1=1

P[s
l,l1
k |sl

k]P[mrca(sk)|s
l,l1
k ]

In [24] we established,

P[sl
k] = k(k − 1)

(l − 1)!(m − l − 1)!

(m − 1)!

“m − k − 1

l − 2

”

.

Further, from [21],

P[s
l,l1
k |sl

k] =
1

l − 1
.

Counting the number of ways sampling n leaves such that sk is the most recent common ancestor
yields,

P[mrca(sk)|s
l,l1
k ] =

` l
n

´

−
`l1

n

´

−
`l−l1

n

´

`m
n

´ .

Combining these probabilities yields,

pn
k =

m−k+1
X

l=n

`k
2

´

`l
2

´

`m−k−1
l−2

´

`m−1
l

´

l
X

l1=1

` l
n

´

−
`l1

n

´

−
`l−l1

n

´

`m
n

´ .

Note that for n = 2, the formula simplifies to Equation (17). With this formula for pn
k , we can calculate

the density of the time of the most recent common ancestor of a sample of n individuals in a tree of
m individuals,

fλ,µ
m (x|n) =

m−1
X

k=1

pn
k gλ,µ

k (x|m)

with gλ,µ
k (x|m) as introduced in Equation (18).

The distribution for the k-th bifurcation event in a tree of size n obtained from a birth-death-
samplingm process where the complete tree has size m can be obtained via a recursion [24],

gλ,µ
m,k(x|n) =

„

1 −
(k + 1)k

(n + 1)n

«

gλ,µ
m,k(x|n + 1) +

(k + 1)k

(n + 1)n
gλ,µ

m,k+1(x|n + 1)

with gλ,µ
m,k(x|m) = gλ,µ

k (x|m) (Equation (18)).

5. Comparison with the coalescent

When birth-death models are used within populations (e.g. for modeling transmission of diseases)

sampling is very incomplete. In Equations (7, 8) (resp. (11, 12)) we established the density function of

the birth-death-samplingρ (resp. birth-death-samplingm) process for ρ → 0 (resp. m → ∞). We will

now compare these distributions to the coalescent - one of the standard models in population genetics.

5.1. The coalescent
The coalescent [15, 16, 17] is a continuous time approximation of the discrete Wright-Fisher model

[9, 28]. Under the Wright-Fisher model, non-overlapping generations are assumed, and each individual
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in the current generation chooses an individual uniformly at random from the previous generation.
The population size might vary in different ways. Let N0 be the initial population size, and Nt the
population size after time t. In this paper we consider a constant population size, i.e. Nt = N0 for
all t, and an exponentially increasing population size, i.e. Nt = N0e

rt for some constant r > 0. The
genealogy of n individuals which are sampled from the current generation is traced back to their
most recent common ancestor. This means that under the Wright-Fisher model, we do not consider a
sampling probability , but we sample n individuals from a population of m individuals. The coalescent
is the continuous time approximation of the Wright-Fisher model for m → ∞. Kingman [15, 16, 17]
obtained the density for the n − 1 coalescent times of n individuals under the coalescent when the
population size is constant,

fconst(x|n) =
n!(n − 1)!

2n−1

n
Y

i=2

e
−

“

i
2

”

(xi−1−xi)

with xn := 0.
In the case of an exponential increasing population size with growth parameter r, the density for

the n − 1 coalescent times of n individuals is [5],

f
r
exp(x|n) =

n!(n − 1)!

2n−1

n
Y

i=2

e
rxi−1 e

−

“

i
2

”

e
rxi−1

−erxi
r

again with xn := 0.

Note that under the birth-death-sampling process with λ > µ, we expect an exponential growth

of the population. We therefore compare this process to the coalescent with exponentially increasing

population size.

Under the birth-death-sampling process with λ = µ, we expect each individual to have one offspring,

so the population stays constant in expectation, before going extinct. We compare this process to the

coalescent with constant population size.

Note that under the birth-death process, the population size is fluctuating, whereas under the

coalescent, the population size is changing deterministically.

5.2. Constant population size

In [24], we obtained that the expectation of the k-th bifurcation time in a tree with n individuals
and λ = µ = m

2 under the birth-death-samplingm process equals the expected coalescent time under
the coalescent with constant population size. However, the higher moments are different for finite m.
We will now investigate how the density fλ,µ

ρ (x|2) for ρ → 0 and fλ,µ
m (x|2) for m → ∞ compare to the

most recent common ancestor of two individuals under the coalescent. The time of the most recent
common ancestor under the coalescent is

fconst(x|2) = e−x

with expectation 1. We established in Equation (8),

f
λ,λ
0 (x|2) =

2c

(1 + cx)3
.

Note that this density function has expectation 1 for c = 1. Further, we established in Equation (12)
the density function,

fλ,λ
∞

(x|2) = 2c −
e−1/cx

cx2
−

2e−1/cx

x
− 2ce−1/cx.

Its expectation is 1 for c = 1/2. Clearly, we can see from the equations for these three densities that,

f
λ,λ
0 (·|2) 6≡ fconst(·|2) 6≡ f

λ,λ
∞

(·|2),
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Figure 2: Density of the coalescent time of two individuals under the coalescent, fconst(x|2), (solid black), under the

birth-death-samplingm process, fλ,λ
∞ (x|2) with m → ∞, λ = m/2 (dashed dark) and under the birth-death-samplingρ

process, fλ,λ
0

(x|2) with ρ = 0, λ = 1/(2ρ) (dashed light).

i.e. the coalescent and the birth-death process remain different, even for large populations and sparse

sampling. The distributions with parameters c = 1/2 – which corresponds to fλ,λ
0 (0|2) = fconst(0|2) =

fλ,λ
∞ (0|2) – are shown in Figure 2.

5.3. Exponentially growing population size

For a sample of size two, the density for the coalescent of these two individuals, assuming an
exponentially increasing population size, is,

fr
exp(x|2) = erxe−

erx
−1

r .

For the birth-death-samplingρ process, the density of the coalescence of two individuals (ρ → 0,
λ − µ = d, λρ = c), is derived in Equation (7),

fλ,µ
0 (x|2) =

2cd3e−2dx

(c + (d − c)e−dx)3
. (13)

Note that, for constants c > d > 0,
fλ,µ
0 (x|2) = fc,c−d

1 (x|2).

For the birth-death-samplingρ process, the density of the coalescence of two individuals (ρ → 0,
λ − µ = d, λ = cm), is derived in Equation (11),

fλ,µ
∞

(x|2) = 2cedx −
d2

c
edx

„

1

edx − 1

«2

e
−

d
c

e−dx

1−e−dx − 2d
edx

edx − 1
e
−

d
c

e−dx

1−e−dx − 2cedxe
−

d
c

e−dx

1−e−dx .

This shows that even in the limit ρ → 0 and m → ∞, we have

fλ,µ
0 (·|2) 6≡ fr

exp(·|2) 6≡ fλ,µ
∞

(|̇2),

i.e. again the coalescent and the birth-death process remain different, even for large populations and

sparse sampling. The distributions with parameters c = 1/2, d = 1/4, r = 1 – which correspond to

fλ,λ
0 (0|2) = f r

exp(0|2) = fλ,λ
∞ (0|2) – are shown in Figure 3.
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Figure 3: Density of the coalescent time of two individuals under the coalescent (exponentially growing population size),

fr
exp(x|2) with r = 1 (solid black), under the birth-death-samplingm process, fλ,µ

∞ (x|2) with m → ∞, λ = m/2, λ − µ =

1/4 (dashed dark) and under the birth-death-samplingρ process, fλ,µ
0

(x|2) with ρ = 0, λ = 1/(2ρ), λ − µ = 1/4 (dashed
light).

6. Impact on data analysis

6.1. Bayesian phylogenetic tree inference under a birth-death-sampling prior

In Bayesian phylogenetic tree inference, Equation (5) is the default prior distribution on bifurcation

times. With θ being the parameters of the sequence evolution model and τ being a reconstructed tree,

the posterior given the data (i.e. an alignment) is,

P[τ, θ, λ, µ, ρ|data] ∝ P[data|τ, θ]P[θ]P[τ |λ, µ, ρ]P[λ, µ]P[ρ].

Bayesian tree inference methods sample from this posterior distribution. Note that on the right-hand

side, only the term P[τ |λ, µ, ρ]P[λ, µ]P[ρ] depends on λ, µ, ρ.

As under the birth-death-samplingρ model, each ranked tree is equally likely [24], and there are

n!(n−1)!
2n−1 ranked trees on n leaves [7], we have,

P[τ |λ, µ, ρ] = fλ,µ
ρ (x|n)

2n−1

n!(n − 1)!
.

With Remark 3.4, we have f
λ′/ρ,µ′−λ′(1−1/ρ)
ρ (x|n) = fλ′,µ′

1 (x|n). If we assume a uniform prior for

(λ, µ) and ρ, we therefore have,

P[τ, θ, λ′/ρ, µ′ − λ′(1 − 1/ρ), ρ|data] = P[τ, θ, λ′, µ′, 1|data]. (14)

This means that we cannot estimate λ, µ and ρ together.

In Beast, sampling is assumed to be complete and the default is a uniform prior on [0, 106] for

λ − µ and a uniform prior on [0, 1] for µ/λ. In particular, that implies a uniform prior on the pair

11



(λ, µ) (see Lemma A.1 in the Appendix). When including incomplete sampling, we assume a uniform

prior on [0, 1] for ρ.

Note that the posterior reconstructed trees do not change when including incomplete sampling

(Equation (14)). One can therefore do the Bayesian tree inference assuming complete sampling. Let

the birth and death rate estimates under complete sampling be λ′, µ′. If the sampling probability ρ

can be obtained from a different consideration, we then get the actual birth and death rate estimates

as

λ = λ′/ρ, µ = µ′ − λ′(1 − 1/ρ). (15)

We suggest to transform the birth and death rates in reconstructed trees according to this equation.

Note that for decreasing sampling probability ρ, the birth rate and death rate increase. The difference

of birth and death rate stays constant. The ratio of death rate over birth rate tends to 0 for ρ → 0.

6.2. Maximum likelihood birth and death rates

When estimating maximum likelihood birth and death rates on a given reconstructed tree τ , we

maximize the density

P[τ |λ, µ, ρ] = fλ,µ
ρ (x|n)

2n−1

n!(n − 1)!
.

When estimating birth and death rates for a given reconstructed tree, we have with Remark 3.4:

P[τ |λ′/ρ, µ′ − λ′(1 − 1/ρ), ρ] = P[τ |λ′, µ′, 1]

It is therefore again impossible to get estimates for the three parameters simulataniously. Again, we

can estimate the birth and death rates under complete sampling and then get the actual birth and

death rates under incomplete sampling from Equation (15).

6.3. Coalescent tree prior vs. birth-death process tree prior

In order to show that different prior distributions on trees result in different posterior distributions,

we investigate transmission trees of an infectious disease, Hepatitis C. For infectious diseases, it is not

clear which prior to use: The birth-death process models each infected host having an exponential

(rate µ) distributed lifetime during which it infects other hosts with a constant rate λ. The coalescent

assumes discrete generations, i.e. the time from infection until infecting new hosts is fixed. Reality

should be somewhere in between.

We investigated an HCV dataset from Egypt [20] consisting of 71 HCV-infected individuals. The

transmission history of this dataset is reconstructed using a Bayesian approach. Note that the posterior

distribution of trees is invariant towards changes in the sampling probability (as discussed above – only

the birth and death rates change according to Equation (15) under incomplete sampling). This means

12



that the posterior distribution on trees under incomplete sampling and complete sampling is the same.

We therefore did the Bayesian analysis under complete sampling.

We ran Beast both with the birth-death process tree prior and the coalescent tree prior on our

HCV dataset. Under the coalescent, we chose an exponentially growing population size, since under

the birth-death process, the population size is in expectation growing exponentially as well (unless

λ = µ). Under both tree prior distributions, we chose the HKY model as a substitution model. Four

categories were chosen in the gamma + invarant site model. We used the relaxed clock model with

an uncorrelated lognormal prior in order to avoid confounding temporal information with molecular

rate variation. The remaining settings were left default. Both runs were carried out for 100 million

generations, and each 1 million-th state was sampled. The first 10% of the trees were removed as a

burn-in. Convergence was then checked with the Beast program Tracer. The effective sampling size

was at least 240, in most cases higher. The xml input files for Beast as well as the posterior trees are

available from the author upon request.

First, we investigated the difference in tree shape (i.e. the trees without edge lengths). The tree

shape distribution under the birth-death process and the coalescent are the same [2]. This suggests

also the same tree shape distribution in the posterior. For the 900 trees in each posterior, we calculated

the majority rule consensus tree. The two consensus trees were almost identical, there is only one edge

in the birth-death consensus tree which induces a bipartition of the tip labels which is not found in

the coalescent consensus tree. All the bipartitions of the tips induced by the edges in the coalescent

consensus tree are also found in the birth-death consensus tree.

We then did a more detailed analysis of the tree shape. The Colless index [4] is a measure of

tree shape – it measures how balanced a tree is. We calculated the Colless value for each tree and

compared the distribution of Colless values under the birth-death prior and the coalescent prior. The

mean was 444.10 with standard deviation 62.33 under the birth-death prior and the mean was 445.95

with standard deviation 67.28 under the coalescent prior. This shows that the tree shape distribution

of the posterior is about the same.

Next, we investigated the time of transmission events. The Gamma statistic [19] is a standard

statistic summarizing the relative timing of bifurcation events in a tree. A Gamma value smaller than

0 indicates that most transmission events occur earlier than expected under a pure birth model (i.e.

a birth-death process with µ = 0). A Gamma value bigger than 0 indicates that most transmission

events occur later than expected under a pure birth model, see also [19].

We calculated the Gamma statistic for all posterior trees. Under the birth-death prior, the mean

was 0.35 with standard deviation 0.94. Under the coalescent, the mean was −0.56 with standard

deviation 1.56. This means that under the birth-death model prior, the times of transmission events
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are clustered closer to the tips than expected under a pure birth process. Under the coalescent, the

transmission events are clustered closer to the root than expected under the pure birth model. The

standard deviation is significantly bigger under the coalescent than under the birth-death model. A

difference in transmission times changes the infectious disease dynamics. Therefore care has to be taken

in model selection.

Last, we looked at the expected growth rate of the number of infected individuals. For the birth-

death process, we find λ − µ = 8.24 with standard deviation 2.64. For the coalescent, we find the

growth rate r = 9.35 with standard deviation 8.18. Therefore, the growth rate estimates are in the

same order of magnitude. Again, the standard deviation under the coalescent is much higher than the

standard deviation under the birth-death process.

7. Summary

We derived the distribution of bifurcation times for a tree which evolved under the birth-death-

samplingρ process. We showed that the birth-death-samplingρ process can be interpreted as a birth-

death process (complete sampling) with reduced rates. This means in particular that we cannot esti-

mate the sampling probability together with the bifurcation and extinction rates. One of the three rates

has to be known in order to infer the other two rates. The derived distribution on bifurcation times

for trees on n leaves is implemented in the Bayesian inference program Beast as a prior distribution.

It is further used in the Python package Cass to simulate trees efficiently.

Secondly, we derived the distribution of the time of the most recent common ancestor of a sample

of n individuals which evolved under the birth-death-samplingm process.

We compare the two sampling scenarios to the sampling-based coalescent model. It is well known

that the discrete realizations (i.e. the ranked trees) have the same distribution. Further, the coalecent

with constant population size and the birth-death-samplingm process with λ = µ = m/2 have the same

expected bifurcation times. However, the higher moments are different. We show that the distribution

of bifurcation times of the coalescent and the two sampling scenarios are also different in the limit of

infinite tree size.

We show, using an HCV dataset, that the theoretical differences also become apparent when apply-

ing the models to data. In particular, the Gamma statistic measuring the relative timing of bifurcation

(i.e. transmission) events changes its sign from negative to positive when switching from a coalescent

prior to a birth-death prior.
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A. Appendix

Proof of Lemma 3.1. For complete sampling and conditioning the tree on having n individuals today,
the time of origin has density function [11],

qλ,µ(τ |n) = nλn(λ − µ)2
(1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ )n+1
.

We now assume for each individual a constant sampling probability ρ. Therefore, given we sample n
individuals in a tree of age τ , the probability that the original tree has m individuals, is, with Bayes’
law and

∫ ∞

0
P[m|τ ]dτ = 1

mλ [11],

P[m|n] = P[n|m]

R

∞

0
P[m|τ ]P[τ ]dτ

R

∞

0
P[n|τ ]P[τ ]dτ

=
“m

n

”

ρn(1 − ρ)m−n

R

∞

0
P[m|τ ]dτ

R

∞

0
P[n|τ ]dτ

=
“m

n

”

ρn(1 − ρ)m−n 1

mλ
R

∞

0
P[n|τ ]dτ

= C

`m
n

´

(1 − ρ)m

m

where C is the normalizing constant. Using the property from [3],

∞
X

m=0

“m + n

n

”

am =
1

(1 − a)n+1
. (16)

we obtain,

1

C
=

∞
X

m=n

`m
n

´

(1 − ρ)m

m

=
1

n

∞
X

m=n

“m − 1

n − 1

”

(1 − ρ)m

=
1

n
(1 − ρ)n

∞
X

m=0

“n − 1 + m

n − 1

”

(1 − ρ)m

=
1

n
(1 − ρ)nρ−n.

This yields,

P[m|n] =
“m − 1

n − 1

”

(1 − ρ)m−nρn.

The density for the time of origin under random sampling for a tree on n individuals is therefore,

qλ,µ
ρ (τ |n) =

∞
X

m=n

qλ,µ(τ |m)P[m|n]

= n(λ − µ)
2
(1 − ρ)

−n
ρ

n
∞
X

m=n

“m

n

”

(1 − ρ)
m

λ
m (1 − e−(λ−µ)τ )m−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ )m+1

= n(λ − µ)2(1 − ρ)−nρn
∞
X

m=0

“m + n

n

”

(1 − ρ)m+nλm+n (1 − e−(λ−µ)τ )m+n−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ )m+n+1

= n(λ − µ)2(λρ)n (1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ )n+1

∞
X

m=0

“m + n

n

”

(1 − ρ)mλm (1 − e−(λ−µ)τ )m

(λ − µe−(λ−µ)τ )m
.
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With Equation (16) we simplify qλ,µ
ρ (τ |n),

q
λ,µ
ρ (τ |n) = n(λ − µ)

2
(λρ)

n (1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ )n+1(1 − (1 − ρ)λ 1−e−(λ−µ)τ

λ−µe−(λ−µ)τ )n+1

= n(λ − µ)2(λρ)n (1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(λ − µe−(λ−µ)τ − (1 − ρ)λ(1 − e−(λ−µ)τ ))n+1

= n(λ − µ)
2
(λρ)

n (1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)τ )n+1

which establishes the lemma.

Proof of Theorem 3.3. Equations (2), (3) and (4) yield,

fλ,µ
ρ (x|n) =

Z

∞

x1

fλ,µ
ρ (x, τ |n)dτ =

Z

∞

x1

fλ,µ
ρ (x|n, τ)qλ,µ

ρ (τ |n)dτ

= n!(λ − µ)
2
(λρ)

n

 

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

!

×

Z

∞

x1

 

ρλ + (λ(1 − ρ) − µ)e−(λ−µ)τ

1 − e−(λ−µ)τ

!n−1
(1 − e−(λ−µ)τ )n−1e−(λ−µ)τ

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)τ )n+1
dτ

= n!(λ − µ)(λρ)n

 

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

!

×

Z e−(λ−µ)x1

0

1

(ρλ + (λ(1 − ρ) − µ)x)2
dx

= n!(λ − µ)(λρ)n

 

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

!

×

„

1

(λ(1 − ρ) − µ)ρλ
−

1

(λ(1 − ρ) − µ)(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)x1 )

«

= n!(λ − µ)(λρ)n−1 e−(λ−µ)x1

ρλ + (λ(1 − ρ) − µ)e−(λ−µ)x1

 

n−1
Y

i=1

(λ − µ)2e−(λ−µ)xi

(ρλ + (λ(1 − ρ) − µ)e−(λ−µ)xi )2

!

.

The distribution for µ → λ is obtained from the density fλ,µ
ρ (x|n) by using the property 1− x ∼ e−x

for x → 0. This completes the proof of the theorem. 2

Proof of Theorem 4.1. Consider a birth-death tree on m individuals. Randomly sample 2 individuals.
The probability that they coalesce in the k-th bifurcation event is,

p2
k =

 

1 −
1
`m

2

´

! 

1 −
1

`m−1
2

´

!

. . .

 

1 −
1

`k+2
2

´

!

1
`k+1

2

´

=

``m
2

´

− 1
´

“

`m−1
2

´

− 1
”

. . .
“

`k+2
2

´

− 1
”

`k
2

´`k−1
2

´

. . .
`2
2

´

Qm
k=2

`k
2

´

=

“

Qm
i=k+2

(i+1)(i−2)
2

”

k!(k−1)!

2k−1

m!(m−1)!

2m−1

=

(m+1)!(m−2)!

(k+2)!(k−1)!2m−k−1
k!(k−1)!

2k−1

m!(m−1)!

2m−1

=
2(m + 1)

(m − 1)(k + 1)(k + 2)
. (17)

Let gλ,µ
k (x|m) be the density of the time of the k-th bifurcation event (k = 1, . . . , m − 1) in a tree
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on m leaves [11],

g
λ,µ
k (x|m) = (k + 1)

“ m

k + 1

”

λ
m−k

(λ − µ)
k+2

e
−(λ−µ)(k+1)x (1 − e−(λ−µ)x)m−k−1

(λ − µe−(λ−µ)x)m+1
. (18)

Therefore the time of coalescence of two randomly picked individuals in a tree with m individuals
is,

fλ,µ
m (x|2) =

m−1
X

k=1

p2
kgλ,µ

k (x|m)

=

m−1
X

k=1

2(m + 1)

(m − 1)(k + 1)(k + 2)
(k + 1)

“ m

k + 1

”

λ
m−k

(λ − µ)
k+2

×

e−(λ−µ)(k+1)x (1 − e−(λ−µ)x)m−k−1

(λ − µe−(λ−µ)x)m+1

=
2λm+2(1 − e−(λ−µ)x)m+1

(m − 1)e−(λ−µ)x(λ − µe−(λ−µ)x)m+1

m−1
X

k=1

“m + 1

k + 2

”

 

λ − µ

λ

e−(λ−µ)x

(1 − e−(λ−µ)x)

!k+2

=
2λe(λ−µ)x

m − 1

„

1

a + 1

«m+1 »

(a + 1)m+1 −
“m + 1

2

”

a2 − (m + 1)a − 1

–

(19)

where a := λ−µ
λ

e−(λ−µ)x

(1−e−(λ−µ)x)
.

For µ → λ, we obtain with the property 1 − x ∼ e−x for x → 0,

fλ,µ
m (x|2) =

m−1
X

k=1

pkfλ,µ
k (x|m)

=

m−1
X

k=1

2(m + 1)

(m − 1)(k + 1)(k + 2)
(k + 1)

“ n

k + 1

”

λn−k xn−k−1

(1 + λx)n+1

=
2λm+2xm+1

(m − 1)(1 + λx)m+1

m−1
X

k=1

“m + 1

k + 2

” 1

(λx)k+2

=
2λ

m − 1

„

λx

1 + λx

«m+1 »„

1 +
1

λx

«m+1

−
“m + 1

2

” 1

(λx)2
−

m + 1

λx
− 1

–

.

This establishes the theorem. 2

Lemma A.1. Assuma a uniform prior on [0, C] for λ−µ and a uniform prior on [0, 1] for µ/λ. This

yields a uniform prior on [0,∞] × [0,∞] for the pair (λ, µ) with 0 ≤ λ − µ ≤ C.

Proof. First note that for a given d, f with λ − µ = d and µ/λ = f , we have the unique solutions
λ = d

1−f and µ = df
1−f , i.e. for a given d, f , there is only one corresponding pair λ, µ. Vice versa, for

given λ, µ, the values d, f are uniquely defined as d = λ − µ and f = µ/λ. We have,

P[λ = x, µ = y] = P[
µ

λ
=

y

x
, λ − µ = x − y]

= P[f =
y

x
, d = x − y]

= P[f =
y

x
]P[d = x − y]

= 1 ·
1

C
=

1

C

which is the uniform distribution.
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