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1 Introduction

The Yule model is an evolutionary model for phylogenetic trees (Yule, 1924; Harding,
1971). Under this model each species has an equal probability of undergoing a speci-
ation event at any given point in time. The instantaneous probability of speciation is
referred to as the rate of speciation and is assumed to be constant over time. The Yule
model has been widely used as a null model with which to compare real phylogenetic
trees and explore evolutionary hypotheses (Aldous, 2001; Mooers and Heard, 1997).
Despite its wide application the Yule model has many mathematical aspects that re-
main uncharacterised. In this paper we provide two approaches for calculating edge
length probability distributions.

The first approach we present applies to a more general class of evolutionary models
based on Bellman-Harris (BH) processes which we describe here and refer to as BH
models. For trees produced by the BH model we provide methods for calculating (i)
the probability density of the tree shape, (ii) of any edge length for a given tree shape
and (iii) of the longest pendant edge length for a given tree shape. For Yule models,
analytic solutions are obtainable, however for some BH models it may be necessary
to solve the required integrals numerically. These methods extend the results in Steel
and McKenzie (2001) and have been applied in Redding et al (2008). Other related
properties can be readily explored by extending our methodology.

The second approach we present utilises rank functions to obtain edge length prob-
ability densities for the Yule model. This approach was first introduced in Gernhard
et al (2006) for expectations; here it is extended to give distributions and to permit a
known age of the tree to be incorporated.

Our methods can be useful in many contexts including testing evolutionary hy-
potheses, constructing phylogenetic trees, and biodiversity conservation. In this paper
we illustrate our methods by applying them to two biodiversity conservation problems.

Phylogenetic diversity (PD) is a measure of biodiversity introduced in Faith (1992)
that has subsequently been used in many biodiversity conservation applications. Biodi-
versity conservation planning should aim to protect as much PD as possible (Crozier,
1997). In this paper we use our methods to consider the expected PD increase when
the phylogeny (tree) produced by the Yule model is used to select species to protect.

Understanding the rate at which PD loss occurs as species become extinct is im-
portant for deciding when conservation interventions will be most effective — now or in
the future. PD loss under a process of random extinction has been considered in sev-
eral studies Nee and May (1997); Hartmann and Steel (2007). Here we combine these
earlier results with the methods described in this paper to investigate the expected
PD loss for trees produced by the Yule model.

2 Evolutionary models

Throughout this paper, we consider rooted binary trees (see Fig. 1). The root represents
the ancestral species from which all other species are descendant. Internal nodes (with
degree three) are ancestral species and the leaves (nodes of degree one) correspond to
their modern descendants. The edges between any two nodes have associated lengths
which may be interpreted as the time between speciation events or the genetic difference
between the species corresponding to those nodes; this interpretation will depend on
the data from which the tree was derived.



The Yule model makes the simple assertion that each species is equally likely to
undergo a speciation event at any given point in time. Speciation can therefore be con-
sidered a Poisson process on any given lineage and the time between speciation events
on a lineage is exponentially distributed with rate (3, in various examples throughout
this paper we set 8 = 1. In a Bellman-Harris (BH) process an individual has a random
lifespan, u, described by a probability distribution, g(u), after which the individual is
replaced by a random number of new individuals. Note that every species speciates
according to the same distribution g. The Yule model is therefore analogous to a BH
process where the ‘lifespan’ of an individual is the time between speciation events on a
given lineage (which is exponentially distributed) and each species is replaced by two
new species (only binary trees are considered here).

This connection between BH processes and the Yule model suggests that it may
be worthwhile to consider the larger class of BH evolutionary models. The BH models
proposed here retain the constraint that each species is replaced by two new species,
however the time between speciation events on a given lineage may be distributed ac-
cording to an arbitrary probability density, g(u). BH processes have been considered
extensively in the mathematical branching process literature (Jagers, 1975; Sankara-
narayanan, 1989), particularly as applied to birth and death processes, however they
have seen little application to phylogenetic trees (Aldous, 2001).

The motivation for introducing BH models here is simply that our first method
applies to the entire class of BH models. As such we do not discuss the implications of
BH models further (or investigate different probability densities for g(u)). It should be
noted that analytic solutions for all the applications presented here exist for the Yule
model but no such guarantee exists for other BH models. Solutions for these models
may need to be found numerically, which introduces additional complications due to
the nested nature of some of the integrals.

The BH model we consider is restricted to binary trees. Approach 1 can readily
be adapted to multifurcations, however the biological motivation for such processes
seems limited. An interesting extension would be to consider the more general Crump-
Mode-Jagers models Crump and Mode (1968, 1969) which allow a speciation to occur
without replacing the original species.

3 Approach 1: Using nested integrals

The first approach describes the probability of a tree recursively in the form of nested
integrals. These integrals will be nested to the same order as the depth of the tree.
Our method applies to all BH models, however for some models the integrals may need
to be solved numerically. Fortunately for the Yule model we can show that analytic
solutions to these integrals exist.

3.1 Probability density of a BH-tree

Let 7 denote the shape of the a tree, that is the tree without the associated edge lengths
(see Fig. 1). The two trees descendant from the root of 7 are denoted by 74 and 73; the
number of species (leaves) in a tree is given by |7|. A tree, 7, may have edge lengths
associated with it; the set of all edge lengths is denoted by Ar and the length of an
individual edge, e, is denoted by Ae. The root edge is denoted by r and its descendants



are a and b, thus their edge lengths are A\, A\q and A\, respectively. For BH models the
distance between the root node and any leaf node is the same for all leaves (the tree is
ultrametric) and is denoted by .

Using this notation the probability density for a tree, 7, with specified edge lengths
under a BH model can be stated recursively as the product of the probability density
of the root edge and the probability density for the trees descendant from the root:

h(T A ) _ VAg()‘T)h(TUMATa)h(TlN)‘Tb) |T| >1
- i g(wydu Irl =1

where vy equals two if Aq # A and one otherwise. This factor of two arises as the
side on which each descendant tree occurs is irrelevant. If the tree is of size one, the
probability of obtaining it is simply one minus the probability of a speciation event
occurring too soon (resulting in a tree with more than one species). Note that the edge
lengths are continuous variables, hence h(7, Ar) is a probability density.

The shape of a tree depends only on the number of species descendant from each
internal node, thus two trees have the same shape if they are indistinguishable after the
edge lengths and leaf labels are disregarded (see Fig. 1 for an example). The probability
of obtaining a particular tree shape after time ¢ from a BH model can also be stated
recursively (see also Steel and McKenzie (2001)) :

p(rlt) = {”T Jo 9O0)P(Talt = Ae)p(mlt = Ar)dAr |7 > 1 "

1— fg g(u)du 7| =1,

where v+ equals two if 7, and 7, are different and one if they are equal. Note that there
are a discrete number of tree shapes, hence p(7|t) is a probability mass.

For trees with more than one species (|7| > 1) all possible lengths of the root edge
are integrated over. The probability of obtaining the tree for a given A, is the product
of the probability of the speciation event on the root lineage and the probabilities
of obtaining the tree shapes descendant from the root in the remaining time. This is
multiplied by two (vr) if the two descendant tree shapes differ as it does not matter
which descendant tree shape occurs on which lineage descendant from the root. As
before the probability of obtaining a tree with a single species is simply one minus the
probability of a speciation event on the root lineage occurring ‘too soon’.

For any BH model, given a number of species the probability of obtaining a partic-
ular tree shape at time ¢ is simply found by normalising over the set of all tree shapes
of that size, Yn:

plrltn) = <= p(rlt) (2)

YEYn p(’)/|t) '
where it should be noted that 7 is also in Yj,.
For Yule trees (where g(u) is an exponential distribution) solutions to Eqn. 1 can be
found analytically. For example it is easy to show (using induction) that the probability
of obtaining a caterpillar tree (see Fig. 1) with n leaves, p(Chnlt) is:

p(Calt) = { 2 e (1 - )" = 1)in >

n=1



Furthermore under the Yule model the tree shape probabilities (p(7|n)) are well
known and independent of time (Semple and Steel, 2003):

plrln) =
He,ce>2(c€ - 1)

where s(7) is the number of internal edges for which the two descendant trees have the
same tree shape, and ce is the number of leaf descendants of edge e. The time dependent
probability for any tree shape under the Yule model can therefore be obtained as
follows:

prlt) = FEDp(cule

-

— gn—l=s(n) —t (1 _ eft)”—l/ H

e,ce>2

It is interesting to note that for a given tree size, n, the tree shape probability, p(7|t),
has a maximum at t = log(n).

For other BH models the relative tree shape probabilities for a given number of
species (p(7|n,t)) may not be independent of time. To remove the time dependency
contained in the relative tree shape probabilities (Eqn. 2) these probabilities must be
weighted by the probability distribution of the age of a tree given that it has n leaves,
which we denote by ¢(¢|n). Assuming a uniform prior, p(¢), on the age of the tree
between 0 and 7" we can obtain the following using Bayes theorem:

p(n|t)p(t)
p(n)
p(nft)p ( )
fo (n|u)p(u)du
p(n|t)/T
fo (n|u)/Tdu
ey, POVI)
fo ~EY, P ’y|u)du

If any age is possible we can take the limit of ¢(t|n) as T' — oo:

Zvey p(7lt)

fo ~YEY, p( 'Y|“)d“

Obviously we require the denominator to be finite, in appendix A it is shown that
this holds as long as the mean of the speciation probability density, g(t), is finite
(otherwise p(7|n) = limi— oo p(7]t,n) if the limit exists). Using ¢oo(t|n) the time de-
pendence in Eqn. 2 can be integrated out giving the time independent relative tree

¢(tln) =

Jim_ o(tn) = Goo(tn) =

shape probability:
o0
p(ri) = | plritm)ouetin)i
fo (]t)dt

S ey, P(y|w)du




This should be interpreted as the relative probability of observing a particular tree
shape given that there are n species and speciation occurred according to the BH
model (and the associated density, g(¢)). One method for testing ‘real’ trees against
such a model is to compare the distribution of tree shapes for the real trees with those
predicted by the model, this is the approach taken in Blum and Francois (2006).

3.2 Individual edge probability densities

Recently, Gernhard et al (2006) developed a method for calculating the expected length
of any edge under a Yule model. Here an alternative approach is used to give the full
probability distribution of that edge length, not just for the Yule model but for any
BH model.

The probability density of the length of a particular edge, e, for a given tree shape,
can be expressed recursively by integrating over the possible lengths of all other edges.
To do so it is necessary to consider three possible positions of the desired edge as
illustrated in Fig. 2. Denote the probability of obtaining a tree shape, 7, at time ¢ with
a specified edge having length Ae as 0(\e, 7,t), making use of three possible positions
of the specified edge this can be stated recursively as:

vrg(Xe)p(Talt — Ae)p(Tp)t — Ae) A:root is e and |7| > 1
00, 7) = S vr [T g(Ar)0(Nes Talt — Ar)p(Tplt — Ar)dAr Bt ein 7 and |7] > 1
0(t — Xe) f;: g(u)du Cilr|=1

(1)

In scenario A the tree (7) contains more than one species and the desired edge is
the root. The probability of obtaining the tree in this scenario is therefore simply the
product of the probability of a speciation event at time Ae on the root (g(Ae)) and the
probability of each of the daughter trees having the appropriate shape p(7a|t — Ae) and
p(mp|t — Ae). If the two daughter tree shapes differ then there are two possible ways of
obtaining the final tree shape, this introduces the factor of two (vr).

In scenario B the desired edge is in one of the daughter trees which we refer to as
7o without loss of generality. In this scenario the probability of obtaining the tree is
obtained by integrating over all possible root edge lengths, Ar. The root edge can range
in length from 0 to ¢t — A¢ as this is the longest it can be and still ‘leave’ sufficient time
for edge e to obtain its desired length. For a given root edge length the probability
of obtaining the tree is the product of the probability of the speciation event on the
root lineage (g(Ar)), the probability that 7, will have the appropriate shape and edge
length (0(Xe, Talt — Ar)) and the probability that 7, will have the appropriate shape
(p(7o]t — Ar)).

In scenario C 7 contains only one species which must be the desired edge. For the
desired edge to have length A\e we must have ¢ = A¢ hence the dirac delta function
0(t — X¢). Furthermore the speciation event on the lineage must take place after time
Ae, this gives the integral from Ae to oo of the density g(u) (this is simply one minus
the cumulative density function of g(u) at Ae).

The probability density 8(Ae, 7]t) is not conditioned on the tree shape or the number
of species. Without normalisation it should therefore be interpreted as the probability
of obtaining that particular tree shape and edge length out of all possible trees of age t.



In many cases it is desirable to condition 6(Ae, 7|t) on the tree shape, this is achievable
by simple normalisation:
O(Xe, 7I1)

O el t) = /T
el ) fg@(u7r|t)du

yielding the probability density of edge length e given the tree shape 7 and age of the
tree.

3.3 Density of the longest pendant edge

Many other interesting properties of the trees created by a BH model can be considered.
In this paper one final situation is considered where we wish to find the probability
density of the longest pendant edge length for a given tree shape. The motivation for
this came from a study where similarities between different indices for biodiversity
conservation were being considered (Redding et al, 2008). These indices were highly
dependent on the lengths of pendant edges, consequently it became necessary to develop
a good understanding of the distribution of pendant edge lengths.

A similar method to that employed in the preceding sections can be used to in-
vestigate this situation. This method is less obvious as (depending on the tree shape)
there may be several edges which could be the longest pendant edge. Let 7, and 7,
respectively be the smaller and larger daughter trees of 7. We define ¢(\;, 7|t) as the
probability of obtaining a tree shape 7 with a longest pendant edge with length )\;
given its age t, this can be stated recursively:

{ LA G O) [Nyt = Ay Tas ) + WMyt — Ary Thy 7a)] dAr |7l > 1
¢()‘l77—|t) =vrX S

g(t = M)p(mp|N) [y, g(u)du ITa| = 1

()

Al
Uity 7, ) = (O 7alt) / o(m, lt)dm
0

To gain some insight into Eqn. 5 we give further consideration to the two cases illus-
trated in Fig. 3.

|Ta| = 1. A pendant edge is directly descendant from the root. This edge is guar-
anteed to be the longest pendant edge in 7. The probability, ¢()\;, 7|t), is therefore
the product of the probability of the speciation event on the root lineage (g(t — A;)),
the probability of obtaining the right tree shape for 7, and the probability that no
speciation event will take place on the pendant edge in 7, before time ¢. As before the
possible factor of two (v7) represents the fact that it is irrelevant which set of events
takes place on which of the lineages descendant from the root in 7.

|Ta| > 1. Both trees descendant from the root have more than one species. The
longest pendant edge may occur in either of the trees descendant from the root, both
possibilities must therefore be taken into account. ¥(\;,t,7a,7,) is the probability of
obtaining the tree shapes 74 and 73, in time t with 74 having the longest pendant edge
of length A;. This is found by integrating over the possible longest pendant edge lengths
of 73 which can range from 0 to A;. Using ¥ (A, ¢, Ta, 7p) the probability of obtaining
the tree 7 with longest pendant edge \; is expressed as the integral over all possible
root lengths, A, of the product of the probability of obtaining a speciation event at
time r and a longest pendant \; from one of the trees descendant from the root.



3.4 Analytic and numerical considerations

For the Yule model the equations for p(7|t), p(7|n), 6(Ae, T|t) and ¢(N;, T|t) possess
analytic solutions. This is easily proven using induction on a case by case basis. The
solutions for the Yule model are analytic because at each stage in the recursive approach
a sum of exponential terms with linear exponents are produced, these expressions are
easily combined and integrated to obtain an expression with the same form.

A symbolic algebra package was used to solve the recursive equations we have pre-
sented for the Yule model. Unfortunately not all BH models possess analytic solutions
to the recursive equations. For instance if g(t) is a distribution that does not possess an
analytic cumulative density function then even the simplest case for p(7,¢) with |7| =1
will not possess an analytic solution. To obtain solutions for the methods presented in
this paper it may therefore be necessary to resort to numerical methods; this is further
complicated by the nested nature of the integrals.

4 Approach 2: Using rank functions for Yule trees

The second approach we present utilises rank functions for Yule models as introduced
in Gernhard et al (2006); Gernhard (2006). No work to date has been done on rank
functions of BH models in general, hence at present this approach is strictly for Yule
models. Using rank functions we derive a closed form equation for the density of an
edge length in a tree which evolved under the Yule model, 0(Ae|T,t).

For the concept of rank functions, we need to consider a tree shape with leaf labels,
a so called phylogenetic tree 7. In the following, if a tree shape is given, we label the
leaves in an arbitrary way to obtain a phylogenetic tree. Let V be the set of vertices
in 7 of degree > 1. So the set V consists of all vertices in T except of leaves and the
root of the tree. A rank function (Semple and Steel, 2003) on a phylogenetic tree is a
bijection from V to {1,2,...,|V|} with the property that the ranks are increasing on
any path from the root to a leaf. We call a phylogenetic tree with a rank function a
ranked phylogenetic tree.

The Yule model induces a uniform distribution on the ranked phylogenetic trees
on n species (Aldous, 2001). In Gernhard et al (2006); Gernhard (2006), polynomial
time algorithms for calculating the probability of the rank of a vertex are provided for
the uniform distribution on ranked phylogenetic trees. In the following we will explain
the idea of the algorithms and adjust them to the application in this paper.

4.1 Calculating the rank distribution

Let r be a rank function on the phylogenetic tree 7. Define py, := (P[r(u) = i])i=1,... n—1-
In Gernhard et al (2006), a formula for calculating p. is given: Label the vertices on
the path from the vertex w to the most recent common ancestor mrca with v =
Z1,%2,...,Tm = mrca, see Fig. 4. Define \; as the number of leaves below z; minus
1. With that notation, we get from Gernhard et al (2006) that

_ My, 1Mp,—o...Miey (6)
My 1Mpy—2 ... Mye1|1

Pu



where |- |1 is the 1-norm, e; = (1,0,0,...,0)” and the matrix M is defined as follows,
0 ifj<i—1- A1 —Ak)s
(My)i; =140 itj>i-1,

N1 —i -
(/\k+1fk/\tclfizrj+1)(iijzl) else.

The algorithm RANKPROB in Gernhard et al (2006) calculates p, according to Eqn. 6.

For an edge e = (u,v) in 7, we want to obtain the probability pu,(z,7) := P[r(u) =
i,7(v) = j]. First, let e be an interior edge. In Gernhard et al (2006), we calculate
Pu,w(iy7),1 <i < j<n—1Dbyrunning RANKPROB on different subtrees of 7. In the
following, we give an expression to calculate puy,o (%, j) directly from py (i) which makes
the calculations faster. Let 7, be the smallest subtree induced by the leave descendants
of v, see Fig. 4. The subtree 7, has n, leaves. Let r(7) be the set of rank functions on
7.

The number of rank functions where r(u) = i is py(i) - [r(7)|. Assume we fix the
first ¢ interior nodes, with u being the ith node. There are (7;;1:11) possibilities to
shuffle the interior vertices in 7, with the remaining interior vertices. Only (”nzl:j )
of those shuffles assign rank j to vertex v. Overall, we therefore get for the number of
rank functions with r(u) =4 and r(v) = j:

. ()
w() - |r (7)) | ——"=~
pu(i) - r( )I("nll_iz)

For the probability pu,v(i,7), we have to divide the previous equation by the number
of rank functions. Therefore

)
L. . Ny —
Puw(iy ) = pu(i) - (7sz1)
Ny—1
This is equivalent to
. =1 w2 n—j—k . . .
pun(i j):{pumm PR itz 1< <ng )
T 0, else.

We will extend the distribution py, . for leaves. Since the leaves are after the (n—1)st
speciation event, we can assume that all leaves have rank n. So for pendant edges, we
have

pu(i), if v is a leaf;

pustivn) = { (¥

else.

Further, we will define pr, pr v for the root r. The root is always the very first vertex,
the most recent common ancestor (mrca) is its descendant. Therefore, we define,

1, if v is the mrca;
PO =1 pra0.) = {0 0
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4.2 Calculating densities under the Yule model

In the following we want to calculate the edge length density for an edge e = (u,v) in
a tree 7. Let A¢ be the random variable ‘edge length of e with density function 6. Let
Ay, be the random variable ‘time of the speciation event v’ with density function fj,, .
In a tree with n species, let A; ; be the random variable ‘time between the i—th and
the j—th speciation event’; with density function f4, ;. Let A; be the random variable
‘time of the i—th speciation event’; with density functlon fa,- With 7 = 0, we denote
the root of the tree. Time is measured between today and the speciation event.

Under the Yule model, the waiting time between the (k — 1)st speciation event and
the kth speciation event, X}, is exponentially distributed with rate k. We have

Aij = Z X- (10)

The present is between the (n — 1)st speciation event and the nth speciation event.
However, it has been shown in Hartmann et al that the time between the (n — 1)st
speciation event and the present has the exponential (rate n) distribution, this is Xy.
So the present can be considered as the nth speciation event when not conditioning on
the age of the tree, t. Later we will see that the same holds with conditioning on t.

We will derive the density and expectation of the random variables A;, A; ;, Au, Ae.
Recall that u is some interior vertex and e any edge. For the density, we have,

n—1
S, Oal) = ) fa, Auln)pu(@);
=0
n—1 n
O(Xe|T) = Z s Aeln)puu (i, 7).

Note that for interior edges, pu,v(i,n) = 0, for pendant edges, pu,v(i,j) =0 for j < n
and for the root edge, pu,»(0,1) = 1.
For the expectation, we obtain from E[A;|n],

E[Au|r] = Z E[Ai|n]pu(i);
=0
B[4 j|n] = E[4;|n] — E[Aj]n],  0<i<j<m

E[Ae|7] = E[Aulr] = E[Av|7] = Y E[4;|n](pu (i) — po(i));
=0

with A, being the present (which is, as explained above, equivalent to A, being the
time of the n-th speciation event). Hence, A, = 0 and therefore E[A,|n] = 0.

We can calculate the probabilities py (i), pu,w (%, j) as described in Section 4.1, so it
is left to calculate fa, ; (A j|n), fa;(Ai|n), E[4;]n]. The three values will be computed
both conditioning and not conditioning on the age of the tree.
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4.2.1 Unknown age of the tree

If we do not condition on the age of the tree, ¢, but assume a uniform prior for the age
of the tree, the distribution of A;, A; ; was calculated by Gernhard (2008) as follows,

1, (Niln) = (z+1><,”

Z+1>enAi(eAi -l 0<i<n—1;  (11)

fai; (Nig) = fa,; (N jn)

=(i+1) <z—f— 1) e "IN (@Am _ 1)3‘—1'—17 0<i<j<n (12)

Note that A; ; and Ay, < j < k <[ are independent since the X}, are independent.

4.2.2 Known age of the tree

Next we state the density and expectation of A; and the density of A; ; conditioned on
the age of the tree. The proofs of these three theorems are provided in Appendix B.

Theorem 1 Fach random variable A; (1 <i<n —1) has the density function:

fa, (hiln, 1) = (” i 1) e A el

For i =0, we have fa,(Xo|n,t) = (Ao — t).
Theorem 2 The expectation of A; (for 1 <i<n—1)is:
n—i—1 1—1 )
ElAifn )= 37 37 Biy k(1= e T = (0 by = k)t 1)e”HR)
k1=0 k=0
with By gy = i("7 ) (" (D) (DR TR (4 kg — k)2
For i =0, we have E[Ag|n,t] = t.

Theorem 3 FEach random variable A; ; (1 <i < j<n—1) has the density function:

i—1 n— . (e)‘i’j o 1)j7i71 L A k A
P il = 5237 B s (I o) ey
) ) et — —
k1=0 ko=0

1)n+i7j7k17k2

with By, oy, = i(i + 1) (1,) (") (D) () S

For Aipn,i < n, we have fa, , (Ninln,t) = fa,(Ainln, t), ie. today can be interpreted
as the n-th speciation event.

For Ao j we have fa, ; (Ao jln,t) = fa, (t = Ao jIn,t).
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5 Applications to biodiversity conservation

Phylogenetic diversity (PD; Faith (1992)) is a commonly used index for measuring the
biodiversity of a set of species contained in a phylogenetic tree. The PD of a subset
of species, S, in a given tree is denoted by PD(S) and is simply the sum of the edge
lengths of the minimal spanning tree connecting the species in S and the root of the
tree being considered (see Fig. 5).

Maximising PD has been widely considered as an appropriate aim for conservation
management (Crozier, 1997; Mooers et al, 2005). In this section we address two im-
portant questions that naturally arise in this setting — how important are phylogenies
for conservation and what is the characteristic rate of loss of PD?

5.1 The value of phylogenetic trees for conservation management

An important question that arises is how much additional PD can be represented
by picking the best set of k species when compared to a random set of k species?
In the spirit of Walters (1986) we call this quantity the Expected Value of Perfect
Choice (EVPC). Mathematically for a give phylogenetic tree with edge lengths, 7,
this quantity is given by:

EVPC(T|k) = PD(best set with k species) — E[PD(any set with k species)]

ms@x PD(S) —Eg[PD(9)],

where S ranges over subsets of k species. If the FVPC' is low then the phylogenetic
tree may be unimportant for conservation, if the EVPC is high then including the
phylogeny may result in a much greater representation of biodiversity.

Here we explore the EVPC values expected for a Yule model using the methods
developed in this paper. This will give an indication of the importance of including phy-
logenies in conservation management if the evolutionary process can be approximated
by a Yule model. In particular we will calculate the expected value of EVPC(T |k) for
trees generated by the Yule model conditional on their size and age:

E[EVPC(T)] = Ex[mgx PD(S)] - Bz [Es[PD(S)],

where the expectation is over all trees with n species that are of age t.

The maximum PD of a set of size £k depends only on the timing of the first k
speciation events. Until the kth speciation event all edges will be spanned by an optimal
set, after this point only k edges extant at a given time may be conserved. Hence we

have:
k—1
mgxPD(S) = 21'(/11'—1 —Ag) +k(Ag) =L+ 21 A;
1= =

From Theorem 1 we have the expectation of the speciation events, it is therefore
straightforward to find the expected maximum PD.

The expected PD over all sets of species depends on the tree shape as well as the
timing of the speciation events. For a given tree shape, 7, the probability with which
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an edge will be spanned by a random set depends only on the number of descendants
it has. Introducing C; as the number of descendants of an edge ¢ we obtain:

n—Ce
Er[Es[PD(S)]] =Y _p(rln) Y Eel] <1 - %) ‘

This can be calculated using either of the methods presented in this paper.

Fig. 6 depicts the expected maximum PD and the expected PD of a random set
for various set sizes; the difference between these curves is the expected EVPC(T k)
for trees of age t with n species that are evolved according to the Yule model.

Many factors will influence whether the possible biodiversity gains suggested by
this figure are significant enough to warrant the inclusion of phylogenies in conservation
management. One of the most influential factors will be the extent of other restrictions
that are imposed on the conservation manager. The EVPC and related indices will be
considered extensively in forthcoming work (Hartmann and Mooers) using the methods
presented in this paper, of particular interest is the distribution of EVPC.

5.2 Loss of phylogenetic diversity over time

Understanding how the rate of PD loss due to extinction changes over time is crucial
for predicting when conservation intervention will be most important — now or in the
future. Nee and May (1997) and Steel (2006) considered the random extinction of
species and showed that each new extinction causes a greater loss of PD than any
previous extinction events. This suggests that conservation will gain importance as
further extinctions occur; mathematically PD is a concave function of the number of
extinctions that have occurred.

In Hartmann and Steel (2007) each species was considered to have the same proba-
bility of becoming extinct per unit time. PD loss was therefore considered as a function
of time instead of the number of extinctions. It was shown that this curve is eventually
convex — after some time, #, the rate of expected PD loss reduces. This suggests that
conservation intervention may be more important now than in the future. The time
after which convexity is guaranteed (f) was shown to be quite late, at a point in time
when between one and two species are expected to remain. The time to guaranteed
convexity, t, is an overestimate of the true time as this result applies to all possible
phylogenetic tree shapes and edge lengths. For most trees it is expected that convexity
will be reached much earlier. It is therefore of interest to explore the second derivative
of the PD loss function for trees produced by the Yule model since these give some
approximation of the trees expected to be found in nature. From Hartmann and Steel
(2007) the second derivative of the expected PD loss curve (which must be positive
for convexity) is:

2 n j—2
TEAPD) ]E;gD) = p2erel <a1 +3 i (1=ge7!) (1= > (13)
=2

where 7 is the risk of extinction and «; is the sum of all edge lengths with exactly j
descendants.

Using either of the methods developed in this paper we can easily derive the expec-
tation of Eqn. 13 for trees produced by a Yule model. This is straightforward due to
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the linearity (in a;) of Eqn. 13, the result is shown in Fig. 7A. This indicates that for
most tree shapes the expected PD loss will be convex for all times ¢. It should be noted
that for any tree shape we can choose edge lengths (which may be very improbably
under the Yule model) such that the PD loss will be concave at some time.

Whenever two species/leaves are directly descendant from the same ancestor we
refer to them as a cherry (McKenzie and Steel, 2000). As discussed in Hartmann and
Steel (2007) the number of cherries contributes to initial convexity and Fig. 7B shows
that this also holds for Yule trees in our situation. Unless a ten species tree has at least
four cherries it is expected to exhibit initial convexity. Approximately 20% of observed
tree shapes are expected to exhibit initial concavity.

The extinction process considered here is very simple — all species are at the same
risk of becoming extinct throughout time. In reality it is expected that these risks will
not be independent, for example if a species becomes extinct other species dependent
on it will have an increased risk of extinction or its competitors may have a decreased
risk of extinction. This may also have a temporal effect on the extinction process, after
many extinction events have occurred the extinction risk for the remaining species may
increase due to their interdependency. The effect of interdependent extinction risks on
the loss of PD is worthy of further exploration for which our methods may help yield
greater insight.

6 Concluding Comments

In this paper we have studied the class of Bellman Harris (BH) evolutionary models,
a class that includes the widely used Yule model. A method for calculating various
probability distributions of tree shapes and edge lengths of trees produced under BH
models has been presented. For Yule models analytic solutions exist for the proposed
method, however for other BH models it may be necessary to resort to numerical
methods.

A second method for calculating edge densities using rank functions has also been
presented. This method only applies to the Yule model, however this limited scope
makes this method conceptually easier to work with and implement. Reassuringly for
the Yule model our methods (which are conceptually independent) give identical re-
sults.

We applied our methods to two problems related to biodiversity conservation. This
highlights how evolutionary models can be used to characterise the expected outcome
or behaviour for particular conservation scenarios. In the PD loss scenario we showed
that the situations where the PD loss curves are concave are relatively uncommon and
that even in these situations the curves quickly become convex.

Obtaining analytic solutions for properties of BH models in general or Yule mod-
els in particular can be complicated. However results often exist — particularly for
Yule models — and it is worthwhile pursuing these. The approaches presented here are
adaptable to a wide range of questions and scenarios. If it is necessary or desirable to
simulate phylogenetic trees instead we caution that this should be done with some care
using approaches such as those discussed in Hartmann et al.
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Appendix A

Theorem 4 Consider the probability of obtaining a particular tree shape after time
t, p(7|t), under any BH evolutionary model with speciation probability density g(t). If
g(t) has a finite mean, then the integral of p(T|t) over all possible times is finite for any
tree shape. More concisely, for any tree shape, T, fooop(ﬂt)dt is finite if fooo ug(u)du
is finite.

Proof To prove Theorem 4, p(7|t) is expressed in a new form and its integral is shown
to have an upper bound of fooo ug(u)du, hence if this upper bound is finite, the integral
must also be finite.

Let ¢(7,u) be the probability density that a tree shape, 7, is obtained during an
evolutionary process and first occurs at time w. Let 0(7,u) be the probability that
the tree shape exists for at least some time u. Making use of these two quantities the
probability of obtaining a particular tree shape, 7, of age ¢ can be expressed as:

t
p(T|t) = /O o(1,w)0(7,t — u)du. (14)

This is simply the product of the probability of obtaining 7 before time ¢ and then
retaining 7 until time ¢ (no further speciation events may occur).

The probability 6(7,u) is complicated to derive, however for this proof an upper
bound will suffice. Note that (7,u) can be interpreted as the probability that no
speciation events take place in a period of length w. It will therefore be bounded by
the probability that no speciation event takes place on the last lineage that speciated.
Fortunately we know the time of this speciation event (at the start of the period of
length u) so we have:

0(r,u) < /uoo g(v)dv.

Substituting in Eqn. 14 gives:
t e}
p(T]t) < / o(T, u)/ g(v)dvdu. (15)
0 t—u

To prove Theorem 4 we need to consider the integral of p(r|t) over all possible
times, ¢. Integrating both sides of Eqn. 15 and changing the order of integration we
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obtain the required condition:

AWMﬂmﬁs/m/dwnmliﬂwmwmh

/ /u (7 /OO g(v)dvdtdu

Amﬂ / Au v)dvdtdu

/Oooqﬁ(Tudu/ / v)dvdt, where £ =t —u
[

/Ooo

3

(=)

Appendix B
In the following we provide proofs for the results of Section 4.2.2.

Proof of Theorem 1. The distribution for i« = 0 is obvious, since we condition on
the age t of the tree. So now let i > 0. Note that Ay ; and A; ,, are independent since
the X}, are independent (see Eqn. 10). Denote the joint density function of Ag ;, A; »,
as faq;.A;.,,» and apply Eqn. 12 to obtain:

fa,(Niln,t) = fa,,, (Niln, Ao = 1)
JAin Ao (Nist = Ag[n)
fa,,, (tIn)
S, aln) fa, (= Xiln)
B fa,,, (tIn)
(i + 1)(i11)e—nxi (eAi _ 1)n—i—1i6—i(t—>\i)(et—xi _ 1)1’—1
ne~nt(et — 1)n—1

_ Z<n - 1) (1- e—t)l—ne—iki(l _ e—/\i)n—i—l(l _ e—(t—/\i))i—l

(16)

2

Proof of Theorem 2. The expectation for ¢ = 0 is obvious since we condition on the
age t of the tree. Now let i > 0. We have

t
E[A;|n, ] = /O Nifa, (il £)dA

(n—-1 n’”“l nfzfl i—1
k1=0 ko=0

t
(_1)k1+1€2€—k2t / )\ie_(i-‘rkl_kQ)Aid)\i.
0



17

Using integration by parts,

b —ehs Ni —ehi1b 10 —ehs 1 —eXib
/ e ¢ Yd)N\; = [——Ze ¢ ﬂ”]a + —/ e ¢ “dN\; = ——2[()\ic+ 1)6 ¢ Z]a.
o c c g c

Therefore, with By, g, = i("7") (" 3271 () (D2 (i + k1 — k2) ™2, we have:

K2

n—i—1 i—1

E[/lz|n7 t] = Z Z Bkl,kz(l _ e_t)l—n(e—kzt _ ((Z +ky — kg)t + 1)6—(i+k1)t)
k1=0 ko=0

which establishes the theorem.

Proof of Theorem 3. First, consider j < n. We can write fa, ; (A jn,t) as

oy ol ) = e, O =
_ fAi,j,Aoyn (Xij,tn)

Ao (tln)
o fAi,j7A()yi+Aj7n ()\L%t — )‘i,jln)
Ao (t|n)
Fa, NigIn) Fag+a,,, (8= Ni jIn)
) (1)
f/lo,n, (tn)

The last equality holds since A; ; and Ag ; + A; , are independent, because the X},
in Eqn. 10 are independent. We will now obtain an expression for fa, , 44, (t—Xi j[n).
The random variables Ag ;, A; ,,j > 7 are independent, because the X, in Eqn. 10 are
independent. So fa, 14, (t — A jIn) is the convolution of Ag ;, Aj pn,

t*)\i’]‘
fAo 445, = Aijln) = /0 fao: (Wn)fa;,, (t =X j —uln)du
t-s _
:/ e e = 1) T G4+ 1) x
0

< ) Z 1) e—n(t—kid—u) (6t—k¢,j—u _ 1)n—j—1du
J

i—1 n—j—1 /. .
— (s n —n(t—Xi ;) Z Z i—1\[(n—j—-1

k1=0 k2=0
(71)n+ifjfk17k2
n—1i+ki — ko
Eqn. 17 combined with Eqgns. 18 and 12 gives the formula described in Theorem 3.
For j = n, we can write
T, Ninlnst) = fa,,, Ainln, Ao =1t)
JAin Ao (PNinst — Ainln)
fo.. (tIn)
fAi,n ()\i,n|n)on,i (t— Xin In)
fo.. (tIn)
= fAi ()‘i,n|n7 t)

ekz(tf)\i’j)(€(n7i+k17k2)(t7)\i’j) 7 1) (18)
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where the last equality follows from Eqn. 16.
The time between ¢ = 0 and j is the age of the tree minus the time from today to
the j-th speciation event. This is ¢ — A;, which completes the proof.
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Figures
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Fig. 1 Two trees have the same shape if they are indistinguishable when branch lengths
and leaf labels are disregarded, thus the two trees on the left (7, and 7,) have the same shape
whereas the tree on the right (7-) has a different shape. The latter is an example of a caterpillar
tree (Crn, n = 4) where each internal node has one species as a direct descendant.

Ae Ae Ar Ar <t — Ae

Tq (contains e)

Fig. 2 The three possible scenarios for the location of the desired edge. In Scenarios A and B
the tree contains more than one species and the edge is either the root (Scenario A) or in one
of the subtrees (Scenario B). In Scenario C the tree contains only one species and the pendant
edge belonging to this species is the desired edge. The probability of obtaining each of these
trees is considered further in the main text.
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|TCL‘:1 |Ta‘>1

A=t —1 A< t—1

l t—Ar (t—Ap > 1)

Fig. 3 The two possible scenarios considered for the location of the longest pendant edge.
Either a pendant edge is adjacent to the root, in which case it must be the longest, or it may
be located in either of the trees descendant from the root.

Ty = MIrca

Fig. 4 Labeling of the tree for calculating the probability for the rank of a vertex.
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PD{w,z,y,2}) =9 PD({z,z}) =5

w T Y z w z Y z

Fig. 5 Left: The PD of the set of all species in this tree is found by adding all edge lengths
(which are length one unless otherwise indicated). The PD of a subset of species is the sum of
all edges spanned by the subset and the root. Right: For a subset Y = {z, 2z}, PD(Y) is found
by adding the lengths of the solid lines of the tree on the right.
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Fig. 6 Phylogenetic trees produced by the Yule model with ten species are considered in this
figure. The expected PD represented by optimal subsets (squares) and random subsets (circles)
of species from each tree is depicted. The difference between these points is the expected EVPC
— the expected PD gain obtainable by using a phylogeny to select a set of species. The trees
are conditioned on having the most likely age for their size (¢ = log(10)).
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Fig. 7 The expected second derivative of the PD loss curve is shown here for trees with ten
species generated by the Yule model. The gray lines in panel A are conditional on individual
tree shapes and the solid line is the weighted mean over all tree shapes. Only 20% of tree
shapes are expected to have a negative derivative at some time, the remainder are expected
to be convex for all times. Panel B shows the number of cherries for each tree shape as a
function of the initial expected second derivative for that tree shape (as shown in Panel A).
As suggested in Hartmann and Steel (2007) this indicates that a large number of cherries is
required for initial concavity. The trees are conditioned on having the most likely age for their
size (t = log(10)) and the time to extinction is exponentially distributed with rate 1.
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