
New analytic results for

speciation times in neutral models

Tanja Gernhard

Department of Mathematics, Kombinatorische Geometrie (M9), TU München

Bolzmannstr. 3, 85747 Garching, Germany

Phone +49 89 289 16882, Fax +49 89 289 16859

gernhard@ma.tum.de

Keywords: phylogenetics, Yule model, critical branching process, reconstructed
process.

Abstract

In this paper we investigate the standard Yule model, and a recently stud-
ied model of speciation and extinction, the ‘critical branching process’. We
develop an analytic way– as opposed to the common simulation approach–
for calculating the speciation times in a reconstructed phylogenetic tree. Sim-
ple expressions for the density and the moments of the speciation times are
obtained.

Methods for dating a speciation event become valuable, if for the recon-
structed phylogenetic trees, no time scale is available. A missing time scale
could be due to supertree methods, morphological data or molecular data
which violates the molecular clock. Our analytic approach is in particular
useful for the model with extinction, since simulations of birth-death pro-
cesses which are conditioned on obtaining n extant species today are quite
delicate. Further, simulations are very time consuming for big n under both
models.

1 Introduction

In phylogenetics, a major task is to reconstruct the evolutionary history for some
extant species. With the reconstructed trees, the aim is to understand evolution
better. A central question is if the species evolved under a neutral model. A neutral
model assumes that throughout time, whenever a speciation or extinction event
occurs, each species is equally likely to be the one undergoing that event. That is,
if a phylogeny evolved under a neutral model, all species behave alike. Of course
speciation is not always just random – some lineages can speciate faster than others
due to differing selective pressures and environmental factors. However, for rejecting
a neutral model for some data set, we need to know properties of the neutral models
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(which are not present in the data set). On the other hand, if we may assume
a neutral model for some phylogeny, we can make further statements about the
evolution of the phylogeny - inferred from the properties of the neutral model. In
this paper, we will calculate the speciation times under a neutral model in a given
tree shape.

The most popular neutral model is the so-called Yule model [2, 6, 25] which
G.U. Yule introduced in 1924. Under the Yule model, no extinction occurs and each
species has an exponential (rate λ) lifetime. The Yule model is often used as a null
model, even though extinction clearly occurs in nature. But being a pure birth model
with exponential waiting times, the Yule model is relatively simple to analyze which
makes it attactive to use. For example, common procedures for estimating the time
of undated divergence times in supertrees assume the Yule model [4, 18, 23], even
though extinction clearly occured in the considered phylogenies.

Recently, a critical branching process as a neutral model for speciation was in-
troduced [1, 17]. In the critical branching process, each species has an exponential
(rate λ) lifetime during which it produces offspring according to a Poisson (rate λ)
process. After a species lifetime, it goes extinct (without further offspring). We con-
dition the process to have n extant – present day – species; this is the conditioned
critical branching process (cCBP). Conditioning on n extant species is crucial for
data analysis, since a tree which we obtain from data has a fixed number of species.
A lineage tree is the smallest subtree of the cCBP containing the n extant species,
see Figure 1. Note that in other work, a lineage tree is also called a reconstructed
process [16].

Figure 1: A complete tree (left) and its lineage tree (right)

Both the Yule model and the critical branching process are special cases of a
birth-death process. In a birth-death process, we again start with one individual.
The extant individuals act independently from each other, and each individual has
a birth rate λ and a death rate µ. So the Yule model is a birth-death process with
µ = 0 and the critical branching process is a birth-death process with λ = µ. Note
that for all birth-death processes where µ < λ, the number of species is increasing
exponentially fast. Only for µ = λ, we do not have an exponential increase, which
is biological more reasonable [2].

In Nee et al. [16], lineage trees which are obtained from birth-death processes
are discussed. The authors investigate the lineage tree after a time t. Our approach
differs, since we investigate the lineage tree with n extant species. The joint prob-
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ability for the shape of the lineage tree and the times of all speciation events has
been considered in Rannala and Yang [19] for the general birth-death process and
in Edwards [6] for the Yule model. In Yang and Rannala [24], the joint probability
for the times of all speciation events in lineage trees has been considered – disre-
garding the shape. They all did not obtain the marginal probabilities for the times
of speciation events given the tree shape.

We are interested in the time of the successive speciation events. For the two
special cases of birth-death models, the Yule model and the cCBP, we calculate
the time for the k-th speciation event, k = 1, . . . , n − 1 (Section 3 and 2). For the
Yule model, the density for the time of any speciation event (without an order) is
established in Nee [15] – conditioned that the time since the most recent common
ancestor of the extant species is t; for the cCBP, the density for the time of any
speciation event is established in Popovic [17] – conditioned such that the time
since the origin of the tree is t. However, often the time of origin is unknown. We
will assume that the time of origin of the tree is distributed uniformly at random and
only condition on obtaining n species today, as it was done in Aldous and Popovic
[1]. Note that in this paper, we will first discuss the cCBP and then the Yule model.
The reason is, that the method used for the cCBP in Section 2 could be used for a
general birth death process (and in particular for the Yule model as well). However,
since the Yule model is a pure birth process, we can use an alternative and easier
method which only works for pure-birth processes (Section 3).

Knowing the time of the k-th speciation event, we can calculate the time of any
interior node in a given tree (Section 4). This becomes very useful for supertrees.
In supertree reconstruction, we are usually not able to date all speciation events.
For undated nodes, estimates are required. Standard procedures assume the Yule
model as the model for speciation in the tree. In the primate phylogeny [18] and
the mammal phylogeny [4], the time of the undated speciation events is estimated
– assuming the Yule model – in the following way. Let u be the undated vertex,
and let the time of birth of the direct ancestor of u be ta. Let the clade size of
the ancestor be ca and the clade size of u be cu. Then we estimate the date of u,
tu, as tu = ta log cu/ log ca. The motivation for this estimate is given in Purvis [18].
This estimate has a bias though. Iteratively estimating nodes with the described
procedure biases the model to have a slow-down in the diversification rate [23].

In Vos [23], an undated speciation event is estimated via the expectation of the
time of that vertex. The expectation is obtained via simulations. Our approach in
Section 4 calculates the distribution and the first two moments analytically for the
Yule model and the cCBP – in the cCBP we can even determine all moments. The
advantage of taking the expectation of the speciation event as an estimate is, that
it is not biased toward a slow-down in the diversification rate [23].

The algorithms for calculating the time of the speciation events in a given tree
were implemented in Python as part of our PhyloTree Package, which can be down-
loaded: http://www-m9.ma.tum.de/homepages/gernhard/PhyloTree.zip. In an ear-
lier paper [9], we have already determined the expectation for the Yule model (in
a more complicated way though). No expressions were given for the distribution
and variance under the Yule model and any value under the cCBP model. We will
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show in Section 4 a surprising connection between the cCBP and the coalescent –
a popular null model in population genetics. The two models induce the same tree
shapes and expected speciation times. Only the higher moments for the speciation
times differ.

If the reconstructed tree has dates associated for internal nodes, we can use the
expected dates to accept or reject a null model for the reconstructed phylogeny. A
common approach is to compare the reconstructed dates to the lineage-through-time
(LTT) plots under a specified model [16]. Conditioning on n extant species, we will
provide an analytic way to obtain the expected LTT plots.

2 The cCBP model

The cCBP model has first been introduced in Popovic [17]. Let a random binary
tree T be generated according to the cCBP model. This stochastic process operates
as follows. We start with one species at some time t in the past, the time of origin.
A species has an exponential (rate λ) lifetime, in the course of which it gives birth
to new species at Poisson (rate λ) times. Different branches of the tree behave
independently. In Popovic [17], time is scaled such that λ = 1, so a time unit
represents the expected lifetime of a species.

Note that from results for λ = 1, we get results for a general λ via the following
property. Let Fλ(t) be the exponential (rate λ) distribution, the lifetime of a species.
We have

Fλ(t) = e−λt = F1(λt).

Therefore, changing from rate λ to 1 is scaling time by a factor of λ.
Since the time between two Poisson events is exponentially (rate λ) distributed,

an individual is equally likely to die or to speciate. This model is a neutral model
for speciation and extinction. At any point in time, each species is equally likely to
die or speciate next. The described process with conditioning on having n extant
individuals today is called the cCBP.

The asymptotic behavior of the cCBP for large n has been analyzed [1, 17]. The
authors mention that the model is of biological significance mainly for small n. They
calculate the distribution and expected time of the most recent common ancestor
for the extant species. We extend this idea and calculate the distribution and all
moments for each ancestor of the extant species.

2.1 Basic properties about the cCBP model

For our calculations in Section 2.2, we need the following properties of the cCBP
model, which have been established in Aldous and Popovic [1], Popovic [17].

Write Tn,t for a tree that has evolved under the cCBP model conditioned to have
n species today, the value t > 0 is the time of origin and today is time 0 (so the time
parameter decreases from origin until now). However, the time of origin, t, is often
not known. We assume a uniform prior on (0,∞) for the time of origin of a tree as
has been done in Aldous and Popovic [1]. Note that the prior does not integrate to
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1. For any constant function, the integral is ∞. Therefore the prior is not a density.
Such a prior is called improper; a discussion and justification is found e.g. in Berger
[3]. Define the random variable tn, the ‘time of origin in a tree with n extant species’.
The density function qn(τ) of the random variable tn, assuming the uniform prior
for the time of origin t, is [1, 20]

qn(τ) =
nτn−1

(1 + τ)n+1
. (1)

Let Tn denote the random tree generated under the cCBP model conditioned to have
n extant species. The time of origin of Tn has density qn(τ) assuming the uniform
prior. As stated above, Tn,t is the random tree generated under the cCBP model
conditioned to have n extant species and age t. The trees Tn,t and Tn are called
complete trees. The lineage tree An,t is the smallest subtree of Tn,t which contains
all divergence times for the extant species. The lineage tree An is defined analogously
using Tn.

Generally, a binary tree on n extant species can be described by n − 1 points
as described in the following. Draw the tree from the top to the bottom. At each
speciation event, choose one branch to be on the right and one on the left. On a
horizontal axis, the leaves are located at 1, 2, . . . n. The speciation events are at the
location (j + 1/2, sj), j = 1, 2, . . . , (n − 1); sj > 0. In Popovic [17], it is shown that
the times sj of the speciation events in a lineage tree under the cCBP model are
independent and identically distributed with density function

ft(s) =

{

(1 + 1/t)(1 + s)−2 if 0 < s < t,
0 else,

(2)

where s > 0. This yields the distribution function

Ft(s) =







∫ s

0

ft(u)du =
t + 1

t

s

1 + s
if 0 < s < t,

1 else.
(3)

The function Ft(s) is the probability that a speciation event occurred between s and
today.

Aldous and Popovic [1] calculate the density and expectation for the random
variable ‘most recent common ancestor of the extant species’, T mrca

n ,

fT mrca
n

(s) =
n(n − 1)sn−2

(1 + s)n+1
, (4)

E[T mrca
n ] = n − 1. (5)

Apart from that, the authors focus on asymptotic results. As stated in Aldous and
Popovic [1], the model is mainly valuable in biology for small n, so exact expressions
are of interest when applying the cCBP model in biology.
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2.2 Our calculations for the cCBP model

Let Ak
n be the time to the k-th speciation event in the lineage tree An, k = 1, . . . , (n−

1). Note that k = 1 is the most recent common ancestor. We will obtain simple
expressions for the density, expectation and the higher moments of Ak

n.

Theorem 2.1. The density of Ak
n is

fAk
n
(s) = (k + 1)

(

n

k + 1

)

sn−k−1

(s + 1)n+1
. (6)

Proof. Let fAk
n
(s, t) be the density function and FAk

n
(s, t) be the distribution func-

tion of Ak
n,t. The n − 1 speciation points are i.i.d., with the density function given

in Equation (2). Therefore, Ak
n,t is the (n − k)-th order statistic, its density and

distribution is (see e.g. Dehling and Haupt [5], Theorem 9.17),

fAk
n
(s, t) = (n − k)

(

n − 1

n − k

)

Ft(s)
n−k−1(1 − Ft(s))

k−1ft(s),

FAk
n
(s, t) =

k−1
∑

i=0

(

n − 1

i

)

Ft(s)
n−i−1(1 − Ft(s))

i.

With our uniform prior, the time of origin has density function qn(t). The density
of Ak

n is therefore

fAk
n
(s) =

d

ds
FAk

n
(s) =

d

ds

∫ ∞

0

FAk
n
(s, t)qn(t)dt. (7)

We may change the order of differentiation and integration (Lemma A.2). Therefore,

fAk
n
(s) =

∫ ∞

0

d

ds
FAk

n
(s, t)qn(t)dt =

∫ ∞

s

fAk
n
(s, t)qn(t)dt

With Equation (14) from Lemma A.2, we get

fAk
n
(s) = nk

(

n − 1

k

)

sn−k−1

(1 + s)n

∫ ∞

s

(t − s)k−1

(1 + t)k+1
dt

= nk

(

n − 1

k

)

sn−k−1

(1 + s)n

[

1

k(1 + s)

(

t − s

t + 1

)k
]∞

s

= (k + 1)

(

n

k + 1

)

sn−k−1

(1 + s)n+1

which establishes the theorem.

Corollary 2.2. The expectation and variance of Ak
n are

E[Ak
n] =

n − k

k
, Var[Ak

n] =
n(n − k)

k2(k − 1)
.
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In general, the expectation of the m-th moment of Ak
n is

E[(Ak
n)m] =











(

n−k+m−1
m

)

(

k

m

) if k ≥ m,

∞ else.

(8)

Note that for k = 1, we have Var[A1
n] = ∞.

Proof. For calculating the moments, we need the following result which can be found
in Lebedew [13],

∫ ∞

0

sa

(1 + s)b
ds =







1

(b − a − 1)
(

b−1
a

) if b > a + 1,

∞ else,
(9)

where a, b ∈ N0. With Theorem 2.1, we have for the moments of Ak
n,

E[(Ak
n)m] = (k + 1)

(

n

k + 1

)
∫ ∞

0

sn−k+m−1

(1 + s)n+1
ds.

For k < m, the value of the integral is infinite by Equation (9) and therefore
E[(Ak

n)m] = ∞. For k ≥ m, we obtain with Equation (9),

E[(Ak
n)m] = (k + 1)

(

n

k + 1

)

1
(

n

n−k+m−1

)

(k − m + 1)

=
n!(k − m)!(n − k + m − 1)!

k!(n − k − 1)!n!
=

(

n−k+m−1
m

)

(

k

m

)

which completes the proof of Corollary 2.2.

Corollary 2.3. Recursively, we have for the moments of Ak
n,

E[(Ak
n)m] = E[(Ak

n)m−1]E[(Ak−m+1
n )1].

Proof. From Corollary 2.2, we obtain for k ≥ m

E[(Ak
n)m−1] =

(

n−k+m−2
m−1

)

(

k

m−1

) , E[(Ak−m+1
n )1] =

n − k + m − 1

k − m + 1
.

Multiplying those expectations yields to the formula for E[(Ak
n)m] in Corollary 2.2.

3 The Yule model

Under the Yule model [25], each species has an exponential (rate λ) lifetime; each
extant species is equally likely to speciate next. We will set λ = 1 in the following.
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Again, we want to calculate the density and the moments for the time of the k-th
speciation event in a tree on n species.

For obtaining the density of the time of the k-th speciation event, Ak
n, under

the Yule model, we could take the same approach as for the cCBP. For a tree on n
extant species which evolved under the Yule model, the n − 1 speciation events are
i.i.d., with the density and distribution function [15]

ft(s) =
e−s

1 − e−t
, Ft(s) =

1 − e−s

1 − e−t
.

Under the Yule model, the density function of Ak
n can therefore be established with

the same approach as under the cCBP. However, it is difficult to obtain a simple
expression for the moments from the density function analytically. Therefore, we
chose an alternative way for obtaining the density function, which yields on its way
to nice expressions for the first and second moment without integrating the density
function. This approach can be applied whenever we have to add exponentially
distributed random variables.

Let Xk be the random variable ‘time between (k − 1)-st speciation event and
k-th speciation event’ under the Yule model – without conditioning on any value,
in particular without conditioning on obtaining n species today.

We assume an uniform prior for the time of origin of a tree – a first ancestor
species was created at any point in the past with equal probability. Since we want
to obtain n species today, the time of origin has to be conditioned to have n species
today.

This is equivalent to growing a tree and waiting until the tree has n species.
After the (k−1)-th speciation event, we always have an exponential (rate k) waiting
time. Therefore, the waiting time between the (k − 1)-th speciation event and the
k-th speciation event in a tree which has n species today is Xk. After the (k − 1)-
th speciation event, we have k extant species with independent exponential (rate 1)
distributed lifetimes S1, S2, . . . , Sk. The random variable Xk is distributed as follows,

P[Xk ≥ t] = P[S1, S2, . . . , Sk ≥ t] =

k
∏

j=1

P[Sj ≥ t] = e−kt.

The density function fXk
(t) is therefore

fXk
(t) =

d

dt
(1 − P[Xk ≥ t]) = ke−kt

which is the exponential (rate k) distribution. This yields

E[Xk] =
1

k
, Var[Xk] =

1

k2
.

Let Ak
n be – as under the cCBP – the random variable ‘time of k-th speciation

event’. Time is again 0 today and increases going back to the past. Therefore, Ak
n =

∑n

i=k+1 Xi and

E[Ak
n] = E[

n
∑

i=k+1

Xi] =
n
∑

i=k+1

1

i
. (10)
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For the variance, we get, since the Xi are independent,

Var[Ak
n] = Var[

n
∑

i=k+1

Xi] =
n
∑

i=k+1

1

i2
.

For the second moment, we get

E[(Ak
n)2] = Var[Ak

n] + (E[Ak
n])2 =

n
∑

i=k+1

1

i2
+

n
∑

i=k+1

n
∑

j=k+1

1

ij
.

Define Y j
i :=

∑j

k=i Xk. Note that Ai
n = Y n

i+1. In the following, we will obtain the

density function for Y j
i .

Calculating density functions under the Yule model

Let X, Y be independent non-negative random variables. Then the density of Z =
X + Y is the convolution of X, Y :

fZ(s) =

∫ s

0

fX(τ)fY (s − τ)dτ.

In Ma and Liu [14], a formula for the convolution of n exponential distributed
random variables is established. Note that Y j

i :=
∑j

k=i Xk is a convolution of j −
i + 1 exponential distributed random variables. From the general formula for the
convolution in Ma and Liu [14], we obtain for our setting

f
Y

j
i
(s) = i · (i + 1) · . . . · je−jsϕj−i+1(s) (11)

where ϕn(s) =
∫ s

0
exϕn−1(x)dx and ϕ1(s) = 1. We need the following lemma for

obtaining a closed form for the density function of f
Y

j
i
(s) in our setting.

Lemma 3.1. With the notation above, we have

ϕn(s) =
1

(n − 1)!
(es − 1)n−1. (12)

Proof. We prove this lemma by induction on n. The formula is true for n = 1, and
if it holds for an arbitrary specific value of n, then it also holds for the next value,
since

ϕn+1(s) =

∫ s

0

exϕn(x)dx =
1

(n − 1)!

∫ s

0

ex(ex − 1)n−1dx

=
1

(n − 1)!

[

(ex − 1)n

n

]s

0

=
(es − 1)n

n!
.

Lemma 3.2. The density of Y j
i is

f
Y

j
i
(s) = i

(

j

i

)

e−js(es − 1)j−i.
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Proof. With Equation (11) and (12) we obtain

f
Y

j
i
(s) = i · (i + 1) · . . . · je−js 1

(j − i)!
(es − 1)j−i

= i

(

j

i

)

e−js(es − 1)j−i.

Since Ak
n = Y n

k+1, we have established the following theorem.

Theorem 3.3. The density of Ak
n is

fAk
n
(s) = (k + 1)

(

n

k + 1

)

e−ns(es − 1)n−k−1.

4 Applications

4.1 Calculating the distribution of the time of a speciation

event

So far, we calculated the time of the k-th speciation event. However, in a given
phylogenetic tree, we are interested in the time of any interior vertex. The expected
time of a vertex can be used as an estimate for the time of an undated speciation
event in a supertree. In Vos [23], the author uses the expectation for estimating the
undated vertices in the primate supertree. The expectation is obtained via simula-
tions. We will now show how to calculate the distribution and the first two moments
analytically for the Yule model and the cCBP – in the cCBP we will even determine
all moments. The expected time for a vertex under the Yule model is calculated in
Gernhard et al. [9], however the distribution and variance are not calculated there,
nor any values for the cCBP.

For calculating the time of a speciation event in a phylogenetic tree, we need
the concept of a rank function r [21]. A rank function on a phylogenetic tree is a
bijection from the set of interior vertices V̊ to {1, 2, . . . , |V̊ |} with the property that
the ranks are increasing on any path from the root to a leaf. We call a phylogenetic
tree with a rank function a ranked phylogenetic tree. In the following, we want to
calculate pu := (P[r(u) = i])i=1,...,n−1 where P[r(u) = i] is the probability that vertex
u has rank i – assuming that each rank function is equally likely. In Gernhard [8], a
formula for calculating pu is given. Label the vertices on the path from the vertex u
to the root ρ with u = x1, x2, . . . , xn = ρ. Define λj as the number of leaves below xj

minus 1. Further, recall that the 1-norm | · |1 is defined for a vector x = (x1, . . . xn)
as |x|1 =

∑n

i=1 |xi|. We obtain from Gernhard [8] that

pu =
Mn−1Mn−2 . . .M1e1

|Mn−1Mn−2 . . .M1e1|1
(13)
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where e1 = (1, 0, 0, . . . , 0)T and the matrix Mk is defined as follows,

(Mk)i,j =







0 if j < i − 1 − (λk+1 − λk),
0 if j > i − 1,
(

λk+1−i

λk+1−λk−i+j+1

)(

i−2
i−j−1

)

else.

The algorithm RankProb in Gernhard [8] calculates pu according to Equation (13).
A neutral model always induces a uniform distribution on the ranked phyloge-

netic lineage trees on n species [2]. Therefore, we can calculate P[r(u) = i] for a tree
which evolved under the cCBP model or under the Yule model with the algorithm
RankProb.

Let v be a interior node of a phylogenetic tree and let Av be the random variable
‘time of the speciation event v’. The distribution, expectation, higher moments and
variance of Av are obviously

fAv
(s) =

n−1
∑

i=1

fAv |r(v)=i(s)P[r(v) = i] =
n−1
∑

i=1

fAi
n
(s)P[r(v) = i],

E[(Av)
m] =

n−1
∑

i=1

E[(Av)
m|r(v) = i]P[r(v) = i] =

n−1
∑

i=1

E[(Ai
n)m]P[r(v) = i],

Var[Av] = E[(Av)
2] − (E[Av])

2.

For an edge e = (u, v), the length of an edge is the time between speciation event u
and speciation event v. For the random variable Ae, ‘length of edge e’, we have the
expected edge length

E[Ae] = E[Av −Au] = E[Av] − E[Au] =

n−1
∑

i=1

E[Ai
n] (P[r(v) = i] − P[r(u) = i]) .

For the Yule model, the expected edge length had already been established in Gern-
hard [8].

Comparing the neutral models

As mentioned above, all neutral models induce the same distribution on tree shapes.
In Equation (10) we established EY ule[A

i
n] =

∑n

k=i+1
1
k
. Since

lim
n→∞

(

n
∑

k=1

1

k
− ln n

)

= γ

with γ being the Euler constant, we have

n
∑

k=1

1

k
= ln n + γ + o(1)

as n → ∞ and therefore, for fixed i,
∑n

k=i+1
1
k

= ln n + O(1). Asymptotically, this
is
∑n

k=i+1
1
k
∼ lnn. From Corollary 2.2, we have EcCBP [Ai

n] = n−i
i

∼ n
i
. So

EY ule[A
i
n] ∼ ln

(

EcCBP [Ai
n]
)
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Figure 2: Given the tree shape, we obtained the displayed expected edge lengths
under the cCBP (left) and Yule model (right).

for fixed i. In particular, the root of the tree is expected to be at time n − 1 under
cCBP, but at time ln n under Yule.

Remark 4.1. We will show a surprising connection between the cCBP and the
coalescent – a popular neutral model in population genetics. Under the coalescent
setting [10, 11, 12] the random variable Ak

n, ‘waiting time between the k-th and the
(k − 1)-th coalescent event’ is exponential

(

λ
(

k

2

))

distributed where λ is the rate of
the coalescent. We set λ = 1 for the calculations. For the first and second moment,
Kingman [10, 11, 12] established

ECoal[A
i
n] =

n
∑

k=i+1

2

k(k − 1)

= 2(1 − 1/n) − 2(1 − 1/i) =
2

n

n − i

i
=

2

n
EcCBP [Ai

n].

So in expectation, the coalescent with rate 1 is equivalent to the cCBP with rate
λ = n

2
. The ranked trees under the coalescent are distributed uniformly at random

[2] – so the distribution is the same as under the cCBP or the Yule model. Therefore
the cCBP and the coalescent are alike when only considering tree shapes and the
expected time of the interior vertices. However, when considering higher moments,
the models differ, since

ECoal[(A
i
n)2] =

n
∑

k=i+1

1
(

k

2

)2 +

(

2(n − i)

ni

)2

,

the second moments of Ai
n are finite under the coalescent, whereas under the cCBP

model, the second moment of A1
n is ∞.

Calculating the distribution and the moments for Av (under the cCBP and
the Yule model) with the expressions given above has been implemented in
Python as part of our PhyloTree Package, which can be downloaded: http://www-
m9.ma.tum.de/homepages/gernhard/PhyloTree.zip.
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Figure 3: Plot of the density functions for the time of each interior vertex under the
cCBP (left) and Yule model (right). Since fAk

n
(0) = 0 for k < n−1, but fAn−1

n
(0) 6= 0

for k = n − 1, for the vertices v with P[r(v) = n − 1] > 0 , we obtain fAv
(0) 6= 0.

To illustrate the method, consider the following example of a tree found in Figure
2, available on TreeBase [22]. The reconstructed tree has no time scale. Note that
we consider this tree to show how our methods work - we will not discuss if for that
particular phylogeny, a neutral assumption is reasonable.

We calculated for each interior node the density function for the time of specia-
tion under the cCBP and under the Yule model, see Figure 3. Further, we calculated
the expected speciation times, see Figure 2. Note that not only the dates, but also
the ranking of the obtained expected tree can be different for those two models
(even though the distribution on ranked trees is the same for both models). We
have EcCBP [v2] > EcCBP [v5] but EY ule[v2] < EY ule[v5]. The expectations with the
standard deviation are listed below.

EcCBP [v1] = 6.0000 ±∞
EcCBP [v2] = 1.0300 ± 1.6968
EcCBP [v3] = 2.2667 ± 2.7439
EcCBP [v4] = 0.6178 ± 0.8059
EcCBP [v5] = 0.9133 ± 0.9794
EcCBP [v6] = 0.3222 ± 0.4063

EY ule[v1] = 1.5929 ± 0.7154
EY ule[v2] = 0.5629 ± 0.4759
EY ule[v3] = 1.0262 ± 0.5072
EY ule[v4] = 0.4084 ± 0.3474
EY ule[v5] = 0.5695 ± 0.3667
EY ule[v6] = 0.2473 ± 0.2343

4.2 Lineage-through-time plots

If the reconstructed tree has a time scale, we can compare the speciation time in
the reconstructed tree with the estimated time under the Yule model and under the
cCBP. This should indicate whether much extinction occurred during the evolution
of that particular phylogeny.

Lineage-through-time (LTT) plots are frequently used for that purpose [16]. In
a LTT plot, the time is plotted vs. the number of species. We can either consider
the LTT plot for the complete tree or for the lineage tree. In the following, we

13
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Figure 4: Expected lineage-through-time plot for a lineage tree on n = 100 extant
species under the Yule model (upper line) and the cCBP model (lower line).

only consider the lineage tree. We condition on having n extant species today. The
number of species is displayed on a logarithmic scale. Time is scaled such that the
most recent ancestor of the extant species speciates at time 0 and today is time 1.
Between the time of the kth speciation event and the time of the k + 1st speciation
event, we interpolate with a straight line.

It is of interest to look at the LTT plots for different neutral models in order
to compare them with the data [16]. Obtaining the LTT plots is commonly done
via simulations. For the Yule model, we simulate until we reach n species. If extinc-
tion occurs, we would have to simulate forever, since n species can always reoccur.
Therefore an analytical approach is of special interest.

For the lineage tree, the expected time for having k species is E[Ak
n], therefore

plotting E[Ak
n] vs. k with the appropriate scaling yields the expected LTT plot, see

Figure 4. This can be done analytically for the Yule model and the cCBP with the
results obtained above.

5 Results and Outlook

We obtained analytic results for the distribution and moments of the time of specia-
tion events in a reconstructed phylogeny under neutral models. The existing methods
for estimating the undated vertices in a supertree via the expected time – which re-
lied on simulations – can be done analytically now. In particular, we can calculate
the expected speciation time for a model which includes extinction. This is quite

14



useful, since simulating trees with n extant species today is quite tricky – n extant
species can reoccur again and again, so one has to simulate forever.

It is of interest to test if the real times of speciation are in accordance with the
cCBP or the Yule model. With the provided algorithms, such a test could be done
at a broad scale.

The presented methods can also be applied for calculating analytically the ex-
pected loss in biodiversity when some species become extinct. However this is not
discussed further here. Another issue worth following up is deriving the time of a
speciation event under a general birth-death process which is conditioned to have n
extant species.
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A Appendix

For obtaining the density function of Ak
n, we need the following theorem which can

be found in Forster [7], Theorem 11.2.

Theorem A.1. Let ρ(s, t) be a function on R
2 → R with the following properties.

For fixed s, ρ(s, t) is integrable w.r.t. t. For fixed t, ∂
∂s

ρ(s, t) exists. Further, there
exists a integrable function φ(t) on R → R+ ∪ {∞} with | ∂

∂s
ρ(s, t)| ≤ φ(t) for all

s, t. Then
d

ds

∫ ∞

0

ρ(s, t)dt =

∫ ∞

0

∂

∂s
ρ(s, t)dt.

Lemma A.2. Let FAk
n
(s, t) be the distribution function of Ak

n,t and let qn(t) be the
function defined in Equation (1). Then,

d

ds

∫ ∞

0

FAk
n
(s, t)qn(t)dt =

∫ ∞

0

∂

∂s
FAk

n
(s, t)qn(t)dt.

Proof. We will show that all requirements from Theorem A.1 are fulfilled. Let
fAk

n
(s, t) be the density function of Ak

n. Define the function ρ(s, t) := FAk
n
(s, t)qn(t).

Note that FAk
n
(s, t) is continuous since Ft(s) is continuous (in s and t). Further qn(t)

is continuous, therefore ρ(s, t) is continuous. Thus ρ(s, t) is integrable w.r.t. t.
The function ρ(s, t) is differentiable w.r.t. s, ∂

∂s
ρ(s, t) = fAk

n
(s, t)qn(t) ≥ 0. For

s > t, we have ∂
∂s

ρ(s, t) = 0 and for s ≤ t,

0 ≤
∂

∂s
ρ(s, t) = fAk

n
(s, t)qn(t)

= (n − k)

(

n − 1

n − k

)(

t + 1

t

s

1 + s

)n−k−1

×

(1 −
t + 1

t

s

1 + s
)k−1(1 + 1/t)(1 + s)−2 ntn−1

(1 + t)n+1

= nk

(

n − 1

k

)

sn−k−1

(1 + s)n

(t − s)k−1

(1 + t)k+1
(14)

≤ nk

(

n − 1

k

)

(1 + t)k−1

(1 + t)k+1
:= φ(t)

Since φ(t) is continuous, it is integrable. So all requirements for Theorem A.1 are
fulfilled, and we may change the order of differentiation and integration which es-
tablishes the lemma.
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